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Abstract 

■ We construct a new random probability measure on the sphere and on the unit interval 

o 

(N 



which in both cases has a Gibbs structure with the relative entropy functional as Hamiltonian. 
It satisfies a quasi-invariance formula with respect to the action of smooth diffeomorphism 
of the sphere and the interval respectively. The associated integration by parts formula is 
Q^' used to construct two classes of diffusion processes on probability measures (on the sphere or 

I the unit interval) by Dirichlet form methods. The first one is closely related to Malliavin's 

Brownian motion on the homeomorphism group. The second one is a probability valued 
stochastic perturbation of the heat flow, whose intrinsic metric is the quadratic Wasserstein 
distance. It may be regarded as the canonical diffusion process on the Wasserstein space. 



in 



O 



1 Introduction 



(a) Equipped with the L^-Wasserstein distance dw (cf. (|2.ip ). the space V{M) of probability 
measures on an Euclidean or Riemannian space M is itself a rich object of geometric interest. 
Due to the fundamental works of Y. Brenier, R. McCann, F. Otto, C. Villani and many others 
, (see e.g. |Bre91l \Mcrm\ ICIEMSOII lOttOll lOVOni IWOH]) there are well understood and pow- 

^ ■ erful concepts of geodesies, exponential maps, tangent spaces T^V{M) and gradients Du{fi) of 

, functions on this space. In a certain sense, V{M) can be regarded as an infinite dimensional 

I Riemannian manifold, or at least as an infinite dimensional Alexandrov space with nonnegative 

lower curvature bound if the base manifold (M, d) has nonnegative sectional curvature. 
A central role is played by the relative entropy : V{M) ^ M U {+00} with respect to the 
' Riemannian volume measure dx on M 

■ 

J^j plogpdx, if dfi{x) <C dx with p{x) = 

1 J 1 +00, else. 

X 

■ The relative entropy as a function on the geodesic space {V{M),dw) is /C-convex for a given 

number X G M if and only if the Ricci curvature of the underlying manifold M is bounded from 
below by K, [vRSOSl IStu06| . The gradient flow for the relative entropy in the geodesic space 
(V{M),dw) is given by the heat equation = Afi on M, |JK098| . More generally, a large 
class of evolution equations can be treated as gradient flows for suitable free energy functionals 
S:V{M) ^M, [ylM] . 

What is missing until now, is a natural 'Riemannian volume measure' P on V{M). The basic re- 
quirement will be an integration by parts formula for the gradient. This will imply the closability 
of the pre-Dirichlet form 



Ent(;u) 



E{u,v) = / {Du{fi),Dv{fi))T,dF{p) 

JV(M) 

in L^('P(M), P), - which in turn will be the key tool in order to develop an analytic and stochastic 
calculus on V{M). In particular, it will allow us to construct a kind of Laplacian and a kind 
of Brownian motion on V{M). Among others, we intend to use the powerful machinery of 
Dirichlet forms to study stochastically perturbed gradient flows on V{M) which - on the level 
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of the underlying spaces M ~ will lead to a new concept of SPDEs (preserving probability by 
construction). 

Instead of constructing a 'uniform distribution' P on V{M), for various reasons, we prefer to 
construct a probability measure on V{M) formally given as 

dp/3(^) = -1 e-^-^'^*^'^) d¥{p) (1.1) 

for /? > and some normalization constant Zp. (In the language of statistical mechanics, (3 is 
the 'inverse temperature' and Zp the 'partition function' whereas the entropy plays the role of 
a Hamiltonian.) 



(b) One of the basic results of this paper is the rigorous construction of such a entropic measure 
P^ in the one-dimensional case, i.e. M = or M = [0, 1]. We will essentially make use of the 
representation of probability measures by their inverse distributions function g^. It allows to 
transfer the problem of constructing a measure P'^ on the space of probability measures V{[0, 1]) 
(or V{S^)) into the problem of constructing a measure Qq (or Q^) on the space Qq (or Q, resp.) 
of nondecreasing functions from [0, 1] (or S^, resp.) into itself. 

In terms of the measure Qg on Qq, for instance, the formal characterization (jl.ip then reads as 
follows 

Zf3 

Here Qo denotes some 'uniform distribution' on Gq C L^([0, 1]) and S : Qq ^ [0,cxd] is the 
entropy functional 



S{g) := Ent((7*Leb) = - / log g'{t) dt. 

Jo 



This representation is reminiscent of Feynman's heuristic picture of the Wiener measure, — now 
with the energy 



H{g)= C g'itfdt 
Jo 



of a path replaced by its entropy. Qq will turn out to be (the law of) the Dirichlet process or 
normalized Gamma process. 



(c) The key result here is the quasi-invariance ~- or in other words a change of variable formula - 
for the measure P^ (or Pq ) under push- forwards ^ ^ h^^hy means of smooth diffeomorphisms 
h of (or [0,1], resp.). This is equivalent to the quasi-invariance of the measure under 
translations g t-^ ho g of the semigroup Q by smooth h G Q. The density 

consists of two terms. The first one 



Xf(^) =exp (^p j^^logh'it)dfiit) 



can be interpreted as exp(— /3Ent(/i*^))/ exp(— /3Ent()u)) in accordance with our formal inter- 
pretation (jl.ip . The second one 



v/i'(i_) • h'm 



/Ggaps(At) ' ^ ' ' 
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can be interpreted as the change of variable formula for the (non-existing) measure P. Here 
gaps(/i) denotes the set of intervals / =]/-, /+[C of maximal length with /x(/) = 0. Note that 
is concentrated on the set of ^ which have no atoms and not absolutely continuous parts and 
whose supports have Lebesgue measure 0. 

(d) The tangent space at a given point ^ in V = V{S^) (or in Vo = 7^([0, 1])) will be an 
appropriate completion of the space C°°(5^,M) (or C°°([0, resp.). The action of a tangent 
vector if on n ('exponential map') is given by the push forward This leads to the notion 
of the directional derivative 

D^u{pL) = lirn ^ [u{{Id + tLp)^.fi) - u{fi)] 

for functions n : 7^ — > R. The quasi-invariance of the measure P^ implies an integration by parts 
formula (and thus the closability) 

D^u = -D^u -V^-u 
with drift = lim^^o ji^M+t^ - !)• 

The subsequent construction will strongly depend on the choice of the norm on the tangent 
spaces Tfj^V. Basically, we will encounter two important cases. 

(e) Choosing T^V = H^{S^ ,Leh) for some s > 1/2 — independent of ^ — leads to a regular, 
local, recurrent Dirichlet form £ on L'^(V,¥^) by 

„ oo 

£{u,u)= / ^|I)^,u(M)|'dP^(/u). 

■^^ k=l 

where {^Pk}kGN denotes some complete orthonormal system in the Sobolev space -ff*(S'^). Ac- 
cording to the theory of Dirichlet forms on locally compact spaces |FOT94| , this form is associ- 
ated with a continuous Markov process on V{S^) which is reversible with respect to the measure 
P^. Its generator is given by 

k k 

This process {gt)t>o is closely related to the stochastic processes on the diffeomorphism group 
of 5^ and to the 'Brownian motion' on the homeomorphism group of 5^, studied by Airault, 
Fang, Malhavin, Ren, Thalmaier and others [AMT041 IAM061 IAK021 Ii^'an02l Ii^'an04l IMal99j . 
These are processes with generator ^ X^it ^Vfe-^vt • Hence, one advantage of our approach is to 
identify a probability measure P^ such that these processes — after adding a suitable drift — 
are reversible. 

Moreover, previous approaches are restricted to s > 3/2 whereas our construction applies to all 
cases s > 1/2. 

(f) Choosing T^Q = L^([0, l],/x) leads to the Wasserstein Dirichlet form 

E(n,n)= / \\Du{^^)\\l,^^^dF^^{^l) 

on L^('Po)lPo)- square field operator is the squared norm of the Wasserstein gradient and its 
intrinsic distance (which governs the short time asymptotic of the process) coincides with the 
L^-Wasserstein metric. The associated continuous Markov process {fJ-t)t>o on V{[0, 1]), which we 
shall call Wasserstein diffusion, is reversible w.r.t. the entropic measure Pg. It can be regarded 
as a stochastic perturbation of the Neumann heat flow on P([0, 1]) with small time Gaussian 
behaviour measured in terms of kinetic energy. 
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2 Spaces of Probability Measures and Monotone Maps 



The goal of this paper is to study stochastic dynamics on spaces V{M) in case M is the unit 
interval [0, 1] or the unit circle . 



2.1 The Spaces Pq = ^([0, 1]) and Go 

Let us collect some basic facts for the space Vq = ^([0, 1]) of probability measures on the unit 
interval [0,1] the proofs of which can be found in the monograph [Vil03| . Equipped with the 
LP' -Wasserstein distance dy/, it is a compact metric space. Recall that 

\ 1/2 

dw{lJ.,v) ■■='m.i\ II \x - y\'^j{dx,dy)] , (2.1) 




where the infimum is taken over all probability measures 7 G "^([0, 1]^) having marginals /i and 
u (i.e. 7(A X M) = /i(A) and -f{M x B) = v{B) for all A,B C M). 

Let Qq denote the space of all right continuous nondecreasing maps g : [0, 1[^ [0,1] equipped 
with the L^-distance 

/ rl \ 1/2 

||5i-52||l2= / \gi{t) - g2{t)\'^dt 



Moreover, for notational convenience each g € Qo is extended to the full interval [0, 1] by g{l) := 
1. The map 

X : Qo ^Vo, g^ 5*Leb 

(= push forward of the Lebesgue measure on [0, 1] under the map g) establishes an isometry 
between (^O) ||-||l2) and {Vo,dw)- The inverse map '■ "Po — > ^Oi A* 1— > 5^ assigns to each 
probability measure fi gVq its inverse distribution function defined by 

g^{t) := inf{s G [0, 1] : fi[0,s]>t} (2.2) 

with inf := 1. In particular, for all /x, z/ G "Pq 

dwifJ-,1^) = \\g^J,- g,y\\L2- (2.3) 



For each g £ Qo the generalized inverse g ^ G ^0 is defined by g "^{i) = inf{s > : g[s) > t}. 
Obviously, 

\\9i - 92\\l-^ = hi^ - 92^11 (2-4) 

(being simply the area between the graphs) and {g^^)^^ = g- Moreover, g~^{g{t)) = t for all 
t provided g~^ is continuous. (Note that under the measure Qq to be constructed below the 
latter will be satisfied for a.e. g G Gq.) 

On Qq, there exist various canonical topologies: the L^-topology of Qq regarded as subset of 
L^([0, 1],M); the image of the weak topology on Vq under the map '■ M ^ 5^* (= inverse 
distribution function); the image of the weak topology on Vq under the map /i ^ g~^ (= 
distribution function). All these - and several other - topologies coincide. 

Proposition 2.1. For each sequence {gn)n C Qq, each g £ Qq and each p G [1, cxd[ the following 
are equivalent: 

('i) dnit) g{t) for each t G [0, 1] in which g is continuous; 
(ii) gn^g inLP{%l]); 
(Hi) g-^^g-^ m Lp([0,1]); 
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(i^) l^gn l^g weakly; 

M l^gn Ms iiT' dw- 
In particular, Qq is compact. 
Let us briefly sketch the main arguments of the 

Proof. Since ah the functions gn and are bounded, properties (ii) and (iii) obviously are 
independent of p. The equivalence of (ii) and (iii) for p = 1 was already stated in (|2.4|) and the 
equivalence between (ii) for p = 2 and (v) was stated in (j2.3p . The equivalence of (iv) and (v) 
is the well known fact that the Wasserstein distance metrizes the weak topology. Another well 
known characterization of weak convergence states that (iv) is equivalent to (i'): gn^{t) g~^{t) 
for each t G [0, 1] in which g^^ is continuous. Finally, {i') <^ (i) according to the equivalence 
(ii) (iii) which allows to pass from convergence of distribution functions g^^ to convergence 
of inverse distribution functions gn- The last assertion follows from the compactness of Vq in 
the weak topology. □ 



2.2 The Spaces g, and V = V{S^) 

Throughout this paper, = M/Z will always denote the circle of length 1. It inherits the group 
operation + from R with neutral element 0. For each x,y ^ the positively oriented segment 
from X to y will be denoted by [x,y] and its length by |[x,y]|. If no ambiguity is possible, the 
latter will also be denoted hy y — x. In contrast to that, |x — y| will denote the S^-distance 
between x and y. Hence, in particular, = 1 — and |x — y| = min{|[y,x]|, 

A family of points ti,...,tj\i G is called an 'ordered family' if X^^i | [ij, = 1 with 
iAT+i := ti (or in other words if all the open segments are disjoint). 

Put 

G{R) = {(7 : M ^ M right continuous nondecreasing with g{x + 1) = g{x) + 1 for all x G M}. 

Due to the required equivariance with respect to the group action of Z, each map g G ^(M) 
induces uniquely a map TT{g) : ^ S^. Put G := 7r(^(M)). The monotonicity of the functions 
in Q{M) induces also a kind of monotonicity of maps in Q: each continuous g £ G will be 
order preserving and homotopic to the identity map. In the sequel, however, we often will have 
to deal with discontinuous g £ Q. The elements g £ Q will be called monotone maps of S^. 
^ is a compact subspace of the L^-space of maps from to with metric ||5i — 521^2 = 

{Jsi\9i{t)-g2{t)\'dtf\ 

With the composition o of maps, ^ is a semigroup. Its neutral element e is the identity map. 
Of particular interest in the sequel will be the semigroup Qi = Q/S^ where functions g,h £ G 
will be identified if g{.) = h{. + a) for some a £ S^. 

Proposition 2.2. The map 

x-Gi^'P, g^ g*Leb 

(= push forward of the Lebesgue measure on under the map g) and its inverse '■ 'P 
Qi, ^ g^ji (with g^ as defined in (2. establish an isometry between the space Qi equipped 
with the induced LP' -distance 



\\gi - 5'2|bi = ( inf / \gi{t) - g2(t + s) 



^dt 



1/2 



and the space V of probability measures on equipped with the L?' -Wasserstein distance. In 
particular, Qi is compact. 
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Proof. The bijectivity of x X is clear. It remains to prove that 

dwifi,!^) = \\gt^- guhi (2.5) 

for ah 11,1/ S v. Obviously, it suffices to prove this for all absolutely continuous ^u, z/ (or 
equivalently for strictly increasing g^,gu) since the latter are dense in V (or in Qi, resp.). For 
such a pair of measures, there exists a map F : ^ ('transport map') which minimizes the 
transportation costs |Vil03] . Fix any point in S^, say 0, and put s = F{0). Then the map F is 
a transport map for the mass /i on the segment ]0, 1[ onto the mass v on the segment ]s, s + 1[. 
Since these segments are isometric to the interval ]0, 1[, the results from the previous subsection 
imply that the minimal cost for such a transport is given by J^i \giit) — g2{t + s)\^dt. Varying 
over s finally proves the claim. □ 



3 Dirichlet Process and Entropic Measure 

3.1 Gibbsean Interpretation and Heuristic Derivation of the Entropic Mea- 
sure 

One of the basic results of this paper is the rigorous construction of a measure P'^ formally given 
as (jl.ip in the one-dimensional case, i.e. M = or M = [0, 1]. We will essentially make use 
of the isometrics X '■ Gi ^ = 'P{S^),g ^ g^^Leb and X ■ Go ^ 'Po = ^([0) !])• They allow to 
transfer the problem of constructing measures on spaces of probability measures V (or Vq) 
into the problem of constructing measures (or Qq) on spaces of functions Qi (or Qo, resp.). 
In terms of the measure Qq on Qq, for instance, the formal characterization (|l.ip then reads as 
follows 

Q(^(d5) = ^e-^-^(^)Qo(d5). (3.1) 

Here Qo denotes some 'uniform distribution' on Qq C L^([0, 1]) and S \ Qq ^ [0,oo] is the 
entropy functional S{g) := Ent((7*Leb). If g is absolutely continuous then S{g) can be expressed 
explicitly as 



S{g) 



[ log g'{t)dt. 
Jo 



The representation (jS.ip is reminiscent of Feynman's heuristic picture of the Wiener measure. 
Let us briefly recall the latter and try to use it as a guideline for our construction of the measure 

Q'o- 

According to this heuristic picture, the Wiener measure with diffusion constant cr^ = 
should be interpreted (and could be constructed) as 

F''idg) = ^e-f'''^<^^I'idg) (3.2) 

with the energy functional H{g) = ^ g'{t)'^dt. Here P{dg) is assumed to be the 'uniform 
distribution' on the space Q* of all continuous paths g : [0, 1] ^ M with g{0) = 0. Even if 
such a uniform distribution existed, typically almost all paths g would have infinite energy. 
Nevertheless, one can overcome this difficulty as follows. 

Given any finite partition {0 = to < ti < • • • < tjy = 1} of [0, 1], one should replace the energy 
H{g) of the path g by the energy of the piecewise linear interpolation of g 

HM = inf{H{~g) : ~g e Q* , m = g{U) Vi} = ""^^^l' ^^^^-^^ ■ 
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Then ()3.2p leads to the following explicit representation for the finite dimensional distributions 
(ffii £ dxi,...,gtj^ e dxN) = exp ( — ^'"^^ ) PN{dxi,. ..,xn). (3.3) 

^I3,N y ^ ~[ H — H-l J 

Here pN{dxi, . . . , X]\j) = P {gt-^ G dxi, . . . , gtj^ G dxAr) should be a 'uniform distribution' on 
and •^/3,Ar a normalization constant. Choosing p]\f to be the A^-dimensional Lebesgue measure 
makes the RHS of (j3.3p a projective family of probability measures. According to Kolmogorov's 
extension theorem this family has a unique projective limit, the Wiener measure P^ on ^* with 
diffusion constant o"^ = 1//3. 

Now let us try to follow this procedure with the entropy functional S{g) replacing the energy 
functional H{g). Given any finite partition {Q = Iq < ti < ■ ■ ■ < In < tN+i = 1} of [0, 1], we 
will replace the entropy S{g) of the path g by the entropy of the piecewise linear interpolation 
of g 

SM = inf {S{~g) : -geGo, giU) = giU) Vi} = - ^ log ^(^^0 - g(t^-i) . _ 

1=1 

This leads to the following expression for the finite dimensional distributions 
Qoidh edxi,...,gt^ e dxN) 

1 / ^"^^ x -x- \ 

= t; exp /3 log — • (ii - ti_i) qj^idxx . . .dxj^) (3.4) 

where q^{dx\^ . . . , jjtv) = Qg (5ti S dx\^ . . . , gtj^ G dx^) is a 'uniform distribution' on the simplex 

Sat = {(a^i, • • • , a;Af) S [0, 1]^ : < xi < X2 . . . < xat < l} and xq := 0, xat+i := 1. 

What is a 'canonical' candidate for g^v? A natural requirement will be the invariance property 

QN^dxi, . . . ,dxN) = [(H^'"''^'+'=)*Q'A;(dxi,...,da:;i+fc_i)] 

dqN-k{dxi, . . . ,dxi_i,dxi+k, ■ ■ -^dx^) (3.5) 

for all 1 < < A*" and alll<i<A^ — + l with the convention xq = 0, xtv+i = 1 and the 
rescaling map S"''' : ]0, K*^, J/j ^ yj{b — a) + a for j = 1, • • • ,k. 

If the qn, N €z f^, were probability measures then the invariance property admits the following 
interpretation: under qn, the distribution of the (A^ — A;)-tuple (xi, . . . ,Xi-i,Xi^k, ■ ■ ■ ,xn) is 
nothing but QN-k] and under qn, the distribution of the /c-tuple (xj, . . . , Xi^k-i) of points in 
the interval ]xi-i,Xk[ coincides — after rescaling of this interval — with qk- Unfortunately, no 
family of probability measures qN,N G N with property (13.50 exists. However, there is a family 
of measures with this property. 

By iteration of the invariance property ()3.5p . the choice of the measure qi on the interval 
Si =]0, 1[ will determine all the measures qN, A" G N. Moreover, applying (j3.5p for N = 2, 
k = 1 and both choices of i yields 

[(HO'^1), qi{dx2)] dqiidxi) = qi{dxi)] dqi{dx2) (3.6) 

for all < xi < X2 < 1. This refiects the intuitive requirement that there should be no difference 
whether we first choose randomly xi G ]0, 1[ and then X2 G ]xi, 1[ or the other way round, first 
X2 £ ]0, 1[ and then xi G ]0, X2[. 

Lemma 3.1. A family of measures qN,]^ £ N, with continuous densities satisfies property 13. 5\) 
if and only if 

qN{dxi, . . . ,dxN) = C'^ r — • ■ ■ ^ ^ (3 7^ 

Xi • (X2 - Xi) • . . . • [XN - XN-l) ■ (1 - XN) 

for some constant C G M+. 
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Proof. If qi{dx) = p{x)dx then ()3.6|) is equivalent to 

' x\ 1 f y — X 



1 — X 



for all < X < y < 1. For continuous p this implies that there exists a constant C G M+ such 
that p{x) = for all < x < 1. Iterated inserting this into (j3.5p yields the claim. □ 

Let us come back to our attempt to give a meaning to the heuristic formula (j3.ip . Combining 
(j3.4p with the choice (|3.7p of the measure qn finally yields 

Qo (5*1 G rfa^i, • • • , 5% e ^^2;Ar) 

Z^^AT ^^-^ Xi • (X2 - Xi) • . . . • (1 - Xat) 

with appropriate normalization constants Zp^^. Now the RHS of this formula indeed turns out 
to define a consistent family of probability measures. Hence, by Kolmogorov's extension theorem 
it admits a projective limit Qq on the space Qq. The push forward of this measure under the 
canonical identification X ■ Go ^ 'Pqj 9 ^ ^^Leb will be the entropic measure Pq which we were 
looking for. 

The details of the rigorous construction of this measure as well as various properties of it will 
be presented in the following sections. 

3.2 The Measures and 

The basic object to be studied in this section is the probability measure on the space Q. 

Proposition 3.2. For each real number /? > there exists a unique probability measure on 
Q, called Dirichlet process, with the property that for each G N and for each ordered family 
of points ti,t2, ■ ■ ■ ,tj\f S 5^ 

Q'^ e dxu ...,gtj,e dx^) = — ^ TT(xi+i - Xif^'^+'~'^^-^dxi . . . dx^- 

\\i=i r(/?(ii+i - ti)) .^^ 

(3.9) 

The precise meaning of (j3.9p is that for all bounded measurable u : (S^)^ —>■ M 



u{gt,,...,gtj dq^{g) 

m 



/ u{xl,...,XN)Yl\[Xi,X^+l]f■\^^'■'^'+^^\ ^dxi...dXN. 



ulinp-\[ti,u+i]\)jj:, 

with Sat = |(xi, . . . ,XAr) G (5^)^ : |[xi,Xi+i]| = l| and xat+i := xi, tN+i ■= ti. In 

particular, with = 1 this means jg u{gt)dQ^ (g) = f^i u{x)dx for each t G S^. 

Proof. It suffices to prove that (|3.9p defines a consistent family of finite dimensional distributions. 
The existence of (as a 'projective limit') then follows from Kolmogorov's extension theorem. 
The required consistency means that 

N 



/ JJ|[xi,Xi+i]|'^-l[*-*"+ill \{xi,...,XN)dxi...dXN 



'^N i=l 

m 



r(/3 • |[ti,t2]|) • . . . • r(/? • \[tk.i,tk+i]\) • . . . • r(/? • \[tN,ti]\) 

|[X1,X2]|^-|[*^'*^]|-^ ..... |[xfc_i,Xfc+i]|'3-|[*^--*'=+il|-l • ... • |[XW,X1]|'^-|[*^'*^]|-1 

-1 

•^(xi , . . . , Xfc_i , Xfc . . . , xat) dxi . . . dxk-idxk+i ■ ■ ■ dxN 
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whenever u{xi, . . . ,xn) = v{xi, . . . , Xk-i,Xk ■ ■ ■ ,xn) for all (xi, . . . xjy) G 5]jv. The latter is an 
immediate consequence of the well-known fact [Euler's beta integral) that 

/ |[Xfc_i,Xfc]|'3-|fe-l.*'=l|-l.|[Xfc,X,+i]|^-|[*-*'=+l]l-ldXfc 

J[Xk-l,Xk + l] 

□ 

For s G 5^ let : ^ ^ ^, (7 i-^ 5 o 0^ be the isomorphism of Q induced by the rotation 
6s ■ ^ ,t t + s. Obviously, the measure on Q is invariant under each of the maps 9s- 
Hence, induces a probability measure on the quotient spaces Gi = G / . 
Recall the definition of the map X ■ G ^ V^g ^ ^^Leb. Since {g o ^s)^Leb = ^^.Leb this 
canonically extends to a map x ■ Gi ^ V. (As mentioned before, the latter is even an isometry.) 

Definition 3.3. The entropic measure on V is defined as the push forward of the Dirichlet 
process on G (or equivalently, of the measure on Gi) under the map x- That is, for all 
bounded measurable u : V 



itJ.)dF^{l2) = [ u{g,Leb)dq^{g). 
JQ 



u 

V 

3.3 The Measures and 

The subspaces {g £ G ■ g{0) = 0} and {g £ Go ■ 9(0) = 0} can obviously be identified. 
Conditioning the probability measure onto this event thus will define a probability measure 
Qq on Go- However, we prefer to give the direct construction of Qq. 

Proposition 3.4. For each real number /3 > there exists a unique probability measure Qq on 
Go: called Dirichlet process, with the property that for each N £ N and each family = tQ < 
ti < t2 < ■ ■ ■ < tj\[ < tjy^i = 1 

{9h edXi,...,gt^ e dXN) = ^ TTT - Xif<'^+^-''^^-^dxi . . . dXN- 

(3.10) 

The precise meaning of (I3.10p is that for all bounded measurable n : [0, 1]^ — > M 

Go 

N 



ulinp-iu+i-ti))Ji: 



/ n(xi,...,XAr) JJ(xi+i -Xi)^'(*»+i ^dxi...dxN- 



with Sat = {(xi, . . . ,xn) G [0, 1]^ : < xi < X2 . • • < a^n < l} and xn+i '■= xi, ^at+i := ti. 

Remark 3.5. According to these explicit formulae, it is easy to calculate the moments of the 
Dirichlet process. For instance, 



and 



Kiat) := / gtd(%{g)=t 
JGo 



Var^(5t) := / {gt - tf dq^,{g) = -^t(l - t) 
JGo 



for all /3 > and all t G [0,1]. 
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Definition 3.6. The entropic measure Pg on Vq = "^([0,1]) is defined as the push forward of 
the Dirichlet process Qg on Qq under the map x- That is, for all bounded measurable u :Vo 



u{fi)dF'^{fi) = / u{g,Leb)dq^ig). 



Go 



Remark 3.7. (i) According to the above construction Qg ( . ) = . \g{0) = 0) and 

uig)dQ^oig)= [ uig-grndQ^ig), 



Go 



uig)dq^ig) 



JGo 



u{g + x)dQQ{g) dx. 



(ii) Analogously, the entropic measures on the sphere and on the are linked as follows 



n(^)dP^(/u) 



r 



JVo 



u{{9,^),fi)dF'^{fi)dx 



or briefly 



dF" 



{Occ)*dF^o 



dx 



where 9x ■ ^ S^,y ^ x + y and 6^ V ^ V : ^ (^x)*/^- We would like to emphasize, 
however, that 7^ Pg. For instance, consider u(^) := J f dfi for some / : ^ M (which may 
be identified with / : [0, 1] ^ M). Then 



f u{ix) dFf^ifi) = [ fix) dx 



whereas 



n(^)dP^(/i) 



V{[0,1]) 



[0,1] 



f{x)pi3{x) dx 



with p,{x) = rmnm-t)} /o ^''-'ii - ^^'^'^'^ dt. 

According to the last remark, it suffices to study in detail one of the four measures Q'^, Qq, 
P^, and Pg . We will concentrate in the rest of this chapter on the measure Qq which seems to 
admit the most easy interpretations. 



3.4 The Dirichlet Process as Normalized Gamma Process 

We start recalling some basic facts about the real valued Gamma processes. For a > denote 
by G{a) the absolutely continuous probability measure on M_|_ with density YXa)X"'~^^~^ ■ 

Definition 3.8. A real valued Markov process {'yt)t>o starting in zero is called standard Gamma 
process if its increments 7t — 7<j are independent and distributed according to G{t — s) for < 
s < t. Without loss of generality we may assume that almost surely the function t ^ is right 
continuous and nondecreasing. 



Alternatively the Gamma-Process may be defined as the unique pure jump Levy process with 
Levy measure A{dx) = lx>o^-^dx. The connection between pure jump Levy and Poisson point 
processes gives rise to several other equivalent representations of the Gamma process [Kin931 



10 



IBer99) . For instance, let H = {p = {px^Py) S M^} be the Poisson point process on x with 
intensity measure dx x A{dy) with A as above, then a Gamma process is obtained by 

it:= Py (3.11) 

For P > the process jt-i3 is a Levy process with Levy measure Ap{dx) = /? • tx^o^^dx. Its 
increments are distributed according to 

Php-t - 7f3.s e dx) = ^,^^-l-—^x''<'-'^-'e--dx. □ 

Proposition 3.9. For each /? > 0, the law of the process {-7^)te[o,i] Dirichlet process Qg. 

Proof. This well-kn own fact is easily obtained from Lukacs' characterization of the Gamma 



distribution EY04 . □ 



3.5 Support Properties 

Proposition 3.10. (i) For each /? > 0, the measure Qq has full support on Qq. 

(ii) QQ-almost surely the function t g{t) is strictly increasing but increases only by jumps 
(that is, the jumps heights add up to 1 and the jump locations are dense in [0, V\). 

(iii) For each fixed to £ [0, 1], QQ-almost surely the function t g{t) is continuous at to- 

Proof, (i) Let 5 G ^ C L2([0, l],dx) and e > then we have to show Q^{Bt{g)) > where 
B^{g) = {h G Qo : \\h — fflliaQo,!]) < e}- For this choose finitely many points tj G [0, 1] together 
with 6i > such that the set S := {f £ Q \ \f{ti) — g{ti)\ < 5i Vi} is contained in B^{g). Clearly, 
from ()3.10p Q^(S') > which proves the claim. 

(ii) (j3.10p implies that Qg-almost surely g{s) < g{t) for each given pair s < t. Varying over all 
such rational pairs s < t, it follows that a.e. g is strictly increasing on IR+. 

In terms of the probabilistic representation (j3.9p . it is obvious that g increases only by jumps. 

(iii) This also follows easily from the representation as a normalized gamma process ()3.9p . □ 

Restating the previous property (ii) in terms of the entropic measure yields that Pg-a.e. fi G Vq 
is 'Cantor like'. More precisely. 

Corollary 3.11. ^^-almost surely the measure /i G "Pq has no absolutely continuous part and 
no discrete part. The topological support of ^ has Lebesgue measure 0. Moreover, 

Ent(^) = +00. (3.12) 

Proof. The assertion on the entropy of ^ is an immediate consequence of the statement on the 
support of /i. The second claim follows from the fact that the jump heights of g add up to 1. □ 

In terms of the measure Qq , the last assertion of the corollary states that ^(^f) = +oo for Qg-a.e. 
9 e Go- 



3.6 Scaling and Invariance Properties 

The Dirichlet process Qg on Qq has the following Markov property: the distribution of g\[s,t\ 
depends on S-lciKIs,*] only via g{s),g{t). 

And the Dirichlet process Qq on Qq has a remarkable self- similarity property: if we restrict the 
functions g onto a given interval [s, t] and then linearly rescale their domain and range in order 
to make them again elements of Qq then this new process is distributed according to Qg with 
P' = j3.\t-s\. 
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Proposition 3.12. For each (3 > 0, and each s,t G [0, 1], s < t 

Qo (^Im G • I 9[o,i]\[s,t]) = Qo {9\[s,t] G • I 9{s),g{t)) (3.13) 

and 

{E''%Q^o = (3.14) 
where H^'* : Go ^ Go with H^'*(5)(r) = g»'~;j)^+;g~^^^) for r G [0, 1]. 

Proof. Both properties follow immediately from the representation in Proposition 13.101 □ 

Corollary 3.13. The probability measures Qq, (3 > on Qq are uniquely characterized by the 
self- similarity property 1^3. 14\ ) and the distributions 0/51/2- 

Q(^(ffi/2 G dx) = . [x(l - x)f'-'dx. 

Proposition 3.14. (i) For /3 ^ the measures Qq weakly converge to a measure Qq defined 
as the uniform distribution on the set {^[t,i] '■ t 1]} C Gq. 

Analogously, the measures weakly converge for P —>■ to a measure defined as the uniform 
distribution on the set of constant maps {t : t £ S^} C G. 

(ii) For (3 ^ 00 the measures Qq ( or Q^) weakly converge to the Dirac mass 5e on the identity 
map e of [0, 1] (or , resp.). 

Proof, (i) Since the space Go (equipped with the L^-topology) is compact, so is V{Go) (equipped 
with the weak topology). Hence the family Qq, /3 > is pre-compact. Let Qq denote the limit of 
any converging subsequence of Qg for /3 — > 0. According to the formula for the one-dimensional 
distributions, for each t g]0, 1[ 

— > (1 - t)(5{Q}((ix) + t5{i}((ix) 

as /? ^ 0. Hence, Qq is the uniform distribution on the set {l[t,i] : i G ]0, 1]} C Go- 

(ii) Similarly, '^^{gt G dx) — > 6t{dx) as /? ^ 00. Hence, 6e with e : t ^ t will be the unique 

accumulation point of Qq for /? — > 00. □ 

Restating the previous results in terms of the entropic measures, yields that the entropic mea- 
sures Pq converge weakly to the uniform distribution Pj] on the set {(1 — t)(5{o} + ^(^{1} : t G 
[0, 1]} C Poi s-iid the measures P^ converge weakly to the uniform distribution P*^ on the set 
{5{t} : te S^} CV whereas for /? ^ 00 both, P(^ and P^, will converge to the Dirac mass 

on the uniform distribution of [0, 1] or S^, resp. 

The assertions of Proposition 13.12] imply the following Markov property and self-similarity prop- 
erty of the entropic measure. 

Proposition 3.15. For each each x,y £ [0, 1], x < y 

K {l^\[x,y] G • \f^\[0,l]\[x,y]) = K {l^\lx,y] G • \K[x,y]) 

and 

e .\fi{[x,y])=a) = P^'" {fi^,y G . ) 
with fi^^y G Vo ('rescaling of ii\\^^y^ ') defined by lJ-x,y{A) = ji^^^fJ-ix + {y - x) ■ A) for A C [0, 1]. 
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3.7 Dirichlet Processes on General Measurable Spaces 

Recall Ferguson's notion of a Dirichlet process on a general measurable space M with parameter 
measure m on M. This is a probability measure Qp^-j^^-j on 'P(M), uniquely defined by the fact 

• Af+l 

that for any finite measurable partition M = IJi=i ^i^^ ai := m{Mi). 
Qr{M) (a* : f^i^i) (^dxi,..., h{Mn) G dxN) 



n -ir n<^^) 



1=1 



If a map h : M ^ M leaves the parameter measure m invariant then obviously the induced map 
h : V{M) V{M),ij, ^ h^fi leaves the Dirichlet process Q^^-^/-) invariant. 

In the particular case M = [0, 1] and m = (3 ■ Leb, the Dirichlet process Qp^^^) can be obtained 

as push forward of the measure Qq (introduced before) under the isomorphism C : ^0 — *■ ^'([0, 1]) 
which assigns to each g the induced Lebesgue-Stieltjes measure dg (the inverse assigns to 
each probability measure its distribution function): 

Q^([o,i]) = C*Qo- (3-15) 
Note that the support properties of the measure Qp^g 1]) completely different from those of 

the measure Pq. In particular, Q^^q -j^j-j-almost every ^ S ^^([0, 1]) is discrete and has full topo- 
logical support, cf. Corollarv l3.11l The invariance properties of Q^qq under push forwards by 
means of measure preserving transformations of [0, 1] seems to have no intrinsic interpretation 
in terms of Qq. 

4 The Change of Variable Formula for the Dirichlet Process and 
for the Entropic Measure 

Our main result in this chapter will be a change of variable formula for the Dirichlet process. 
To motivate this formula, let us first present an heuristic derivation based on the formal repre- 
sentation (|3.1|) . 



4.1 Heuristic Approaches to Change of Variable Formulae 

Let us have a look on the change of variable formula for the Wiener measure. On a formal level, 
it easily follows from Feynman's heuristic interpretation 

Z 

with the (non-existing) 'uniform distribution' P. Assuming that the latter is 'translation invari- 
ant' (i.e. invariant under additive changes of variables, - at least in 'smooth' directions h) we 
immediately obtain 

dPl^Qi + g) = ie-f /o(^+f)'W'^*dP(/i + 5) 

z 

= Ig-f /o h'{tfdt-^f^j h'{t)g'{t)dt . g-f 9'{t)^dt ^p(^^ 
= e-2lo h'(tfdt-p!^ h'(t)dg(t) (^p/3(^). 

If we interpret h'{t)dg{t) as the Ito integral of h' with respect to the Brownian path g then 
this is indeed the famous Cameron-Martin-Girsanov-Maruyama theorem. 
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In the case of the entropic measure, the starting point for a similar argumentation is the heuristic 
interpretation 

again with a (non-existing) 'uniform distribution' Qq on Qq. The natural concept of 'change 
of variables', of course, will be based on the semigroup structure of the underlying space Gq; 
that is, we will study transformations of Gq of the form g ^ ho g for some (smooth) element 
h £ Gq. It turns out that Qq should not be assumed to be invariant under translations but 
merely quasi-invariant: 

dQo{hog)=Y^{g)dQoig) 
with some density Yh- This immediately implies the following change of variable formula for Qq: 

dQ^oihog) = ie^/oM'^°9)'W'i*dQo(/io5) 

z 

= eP^o^og9'm.Y^{g)dq^,ig). 

This is the heuristic derivation of the change of variables formula. Its rigorous derivation (and 
the identification of the density Yh) is the main result of this chapter. 

4.2 The Change of Variables Formula on the Sphere 

For g,h G G with /i G we put 



^h' (g(a-)) • h' {gia+yj 

Sjhog) ( 
5g i« 

where Jg C denotes the set of jump locations of g and 



aeJg 5g y"-) 



Sjhog) _^ h{g{a+)) -h{g{a-)) 
6g ' g{a+)-g{a-) 

To simplify notation, here and in the sequel (if no ambiguity seems possible), we write y — x 
instead of to denote the length of the positively oriented segment from x to y in S*^. We 

will see below that the infinite product in the definition of Yj^jg) converges for Q^-a.e. g £ G- 
Moreover, for /? > we put 



(5) := exp (/3^' logh' {g{s)) ds^ , Y,^{g) := (5) • Y^{g). 



(4.2) 



Theorem 4.1. Each C'^ -diffeomorphism h £ G induces a bijective map Th '■ G ^ G, 9 ^ ho g 

which leaves the measure quasi-invariant: 

dQf{hog) = Y^{g) dqf{g). 

In other words, the push forward ofQ^ under the map rf^^ = t^-i is absolutely continuous w.r.t. 
with density Y^ : 

d{Th-.)M^{gl^^p^^^^ 



The function Yj^ is bounded from above and below (away from 0) on G ■ 

By means of the canonical isometry x • ^ ^ 9 ^ 5*Leb, Theorem 14.11 immediatelv implies 
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Corollary 4.2. For each C'^ -diffeomorphism h ^ Q the entropic measure is quasi-invariant 
under the transformation fi h^,^ of the space V : 

d^\Ky.) = Yl{x-\ii)) d^\iA. 

The density ^^(x ""^(z^)) introduced in \J^.2^ can he expressed as follows 



Yhix-Hpi)) = exp U f\ogh'{s)fi{ds^ ■ n 



^/W-yw+) 



W)\/\i\ 

where gaps(^) denotes the set of segments I =]/-,/+[c of maximal length with fi{I) = 
and \I\ denotes the length of such a segment. 

4.3 The Change of Variables Formula on the Interval 

From the representation of as a product of Qq and Leb (see Remark 13. 7p and the change of 
variable formulae for Q'^ and Leb, one can deduce a change of variable formula for Qq similar to 
that of Theorem 14.11 but containing an additional factor jpj(^- In this case, one has to restrict 
to translations by means of C^-diffeomorphisms h £ Q with h{0) = 0. 

More generally, one might be interested in translations of Qq by means of C^-diffeomorphisms 
h £ Go- In contrast to the previous situation, it now may happen that h'{0) ^ h'{l). 

For g £ Go and C^-ismorphism h : [0, 1] [0, 1] we put 

<o(5):=^f(5)-n,o(5) (4.3) 

with 

and X^{g) and Yl^{g) defined as before in (|4.ip . (j4.2p . Note that here and in the sequel by a 
C^-isomorphism h £ Go^^ understand an increasing homeomorphism h : [0, 1] — > [0, 1] such that 
h and are bounded in C^([0, 1]), which in particular implies h' > 0. 

Theorem 4.3. Each translation Th : Go ^ Goi 9 ^ ho g by means of a C"^ -isomorphism h £ Go 
leaves the measure Qq quasi-invariant: 

dq^,{hog)=Y^^^ig) dQ^(ff) 

or, in other words, 

d{rh-iWoi9) _vP ( ^ 

dQoia) 

The function Yj^^ is bounded from above and below (away from 0) on Go- 

Corollary 4.4. For each C"^ -isomorphism h £ Go the entropic measure Pq is quasi-invariant 
under the transformation fi i— > of the space Vo'- 



dWJh^li) 

— ^ = exp 

<(/i) 



13 / log h' {s) ^i{ds) 







n 



V/i'(/-) • h'{I+) 



VWFm ,,gtp\(,) m\/\i\ 



where gaps(/u) denotes the set of intervals I =]/_,/+[c [0, 1] of maximal length with = 
and \I\ denotes the length of such an interval. 

Remark 4.5. Theorem [43] seems to be unrelated to the quasi-invariance of the measure Qp^Q 
under the transformation dg ^ h - dg/{h,dg) shown in (Han02] . Nor is it anyhow implied by 
the quasi-ivarariance formula for the general measure valued gamma process as in |TVY01] with 
respect to a similar transformation. In our present case the latter would correspond to the 
mapping d'j ^ h - dj oi the (measure valued) Gamma process d'j. 



15 



4.4 Proofs for the Sphere Case 

Lemma 4.6. For each -diffeomorphism h e Q 

k-l 



i=0 



h{g{U+i))-h{g{t,)) 



I3{ti+i-ti) 



g{ti+i) - g{ti) 

Here U = for i = 0, 1, . . . , — 1 and tk = 0. Thus tj+i — ti := \ [tj, = ^ for all i. 
Proof. Without restriction, we may assume /3 = 1. According to Taylor's formula 

h {9{U+i)) = h {g{U)) + h' {giU)) ■ {g{ti+i) - g{ti)) + \h!'{^i) ■ {g{ti+i) - g{U)f 
for some 7j G [g{ti),g{ti+i)]. Hence, 



k-l 



lim I I 

fe— >oo -'- -'- 



i=0 



h{g{t,+i))-h{g{ti)) 



g{ti+i) -g{ti) 



ti+i—ti 



k-l 



log h' {g{u)) + log ( 1 + (giu+i) - m) 



= lim n W i9iti)) + kh"{li) ■ {9{ti+i) - g{U))f^'~'' 

1=0 

/k-l 

= lim exp > 

\«=0 

(fc-1 
Hm {log ^' i9{ti)) ■ {U+i - ti)} 

= exp (^^' \ogh' {g{t)) d?j = Xl{g). 



■ iti+l ~ ti 



Here (★) follows from the fact that 

1 ^"(7.) 



1 + 4 



{9{ti+i) - g(ti)) = 



h{g{U+i))-h{g{ti)) 



1 



g{ti+i) -g{ti) 



h'{g{ti)) 



> £ > 

for some r]i € [g{ti) , giti^i)] and some e > 0, independent of i and A;. Thus 

1 h"{^i) 



k-l 

Y. 

1=0 



log 



1 + 



2 



{g{ti+i) - g{ti)) 



{ti+1 — ti) 



k-l 



<ci-Y.\ 



i=0 
k-l 



h' ig{t^)) 

<C2-Y1 (aiti+i) - g{ti)) ■ {ti+i - ti) 

i=0 



{g{ti+i) - g{ti)) ■ (tj+i - ti) 



Lemma 4.7. For each -diffeomorphism h e Q 



k-l 



1=0 



h'{g{ti)) 



g{ti+i) - g{ti) 

h{g{ti+i))-h{g{ti))\ 



where ti = ^ for i = 0,1, . . . ,k — 1 and = 0. 
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Proof. Let h and g be given. Depending on some £ > let us choose I G N large enough (to be 

specified in the sequel) and let ai, . . . , denote the I largest jumps of g. Put J* = Jg\{ai, . . . ,ai} 
and for simplicity a;+i := ai. For k very large (compared with /) and j = 1, ... ,1 let kj denote 
the index i G {0, 1, . . . , /c — 1}, for which aj G [ti, Then again by Taylor's formula 



n 

i=kj+l '" 



h' {g{ti)) 



git 



i+l) 



h{g(ti+i))-h{g(ti)) 



n 

i=kn+l 



-I , i h"(.g{ti)) . ^^ , 1 h"'{rii) 2 

' + -'Vim ■ ^'^ '^'^ " '^ '^^ ^ 'Vim) ■ ^'^ '^'^ ~ '^ '^^ . 



(la) 
< 



exp [1 + {5 Oog^')' + f } • i9iU+i) - giU)) 

\i=kj+\ 

< e'l' • exp 1 (log^')' • (^(ii+i) " giU)) , 



(16) 



provided I and k are chosen so large that 



|5(ti+i)-5(ti)| < 



Ci • I 



for alH G {0, . . . , /c - 1} \ {fci, . . . , k{\, where Ci = sup g.^,// J ■ 
On the other hand, 



/i' (5(ifc,+i)) 



exp 



(^log/i')'(^)^^n 

fcj+i-1 

exp I ^ [(ilog/iO'(5(ii))-(5(im)-5(ii)) + (^log^O''(7i)-5(5(*m)-5(ii))' 

i=kj+l 

( ^i+i-l \ 

> e-'/' • exp I i (log/i')' (5(ii)) • igiU^i) - 5(^0) , 



(2) 



provided i and k are chosen so large that 



\giU^r) - g{U)\ < 



Co- 1 



for alH G {0, 1, . . . , A; — 1} \ {fci, . . . , A;/}, where C2 = sup log h'Y (x) 

a; 

Therefore, 

giU+i) - giU) 



n 

ie{o,i,...,k-i}\{ki,...,ki} 



h'igiti))- 



hig{t,+i))-higiti))_ 



(^(ifc.+i)) 



In order to derive the corresponding lower estimate, we can proceed as before in (la) and (2) 
(replacing e by — e and < by > and vice versa). To proceed as in (lb) we have to argue as 
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follows 



exp I J2 

(Ic) 



1 + 



{{'^logh'y{g{U))-l]-i9{U+,)-g{U)) 



kj+i-i 

> e-/' • exp I ^ (1 - • \ogh')' {giU)) ■ ig{U+,) - g{U)) 
\i=kj+l 

provided I and k are chosen so large that 

log (1 + C3 • - giU))) > (1 - £) • C3 • {g{U+i) - giU)) 

for alH G {0, 1, . . . , A: — 1} \ {ki, . . . , A:;}, where C3 = sup (| log /i')' (x) . 

X 

Thus we obtain the following lower estimate 

g{ti+i) - g{ti) 



ie{o,i,.-,fc-i}\{fci,-,fci} 



> e 



-2£ 



since 



= exp [log/i' - log/i' 

< exp ^C'a • [g{tk^+^) - 

< exp (IC3) , 



where C3 = sup I (log h')' {x) | . 

a; 

Now for fixed / as — > 00 the bound (I) converges to 



(V\ -rr (g(Qi+i-)) 



and the bound (II) to 



IN (5(aj+i-)) 



Finally, it remains to consider 



n 



h' (giU)) 



giu+i) - 9{U) 



n -1 



h{g{U+^))-h{g{ti))\ 
Again for fixed I and k ^ 00 this obviously converges to 

1 Khog) 



(III). 



(HI') = n 



h'{g{aj-)) Sg 

Putting together these estimates and letting i — > 00, we obtain the claim. 
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Lemma 4.8. (i) For all g,h ^ Q with h ^ C"^ strictly increasing, the infinite product in the 
definition ofYl^{g) converges. There exists a constant C = C{(3,h) such that "ig £ Q 

h < Ykia) < c. 

(ii) Ifhn^h in C2 then Y^^{g) ^ Y^{g). 

(Hi) LetY^^ f^,Yl^ denote the sequences used in Lemma \J7B\ and \J7J\ to approximate Y^, X^,yI^ . 
Then there exists a constant C = C(/3, h) such that V(7 G ^, V/c G N 

h < y^M < c- 

Proof, (i) Put C = sup I (log /i')' I . Given g G Q and e > 0, we choose k large enough such that 
SaGJ (k) "^(o")! ^ f where Jg{k) = Jg\{ai, a2, ■ ■ ■ ,ak} denotes the 'set of small jumps' 

of g. Here we enumerate the jump locations oi, 02, • • • G Jg according to the size of the respective 
jumps. Then with suitable £ [^(fi— ); 5(0+)] 



E 

a£jg{k) 



log 

1 



^h'igia-))y/h'{g{a+)) 



5g 



2 logh'ig{a-)) + - log h'{g{a-)) - log h'{^{a)) 



aGJg{k) 

< J2 \C-ig{a+)-g{a-))\=C-e. 



aeJgik) 



Hence, the infinite sum 



. ^h'{g{a-))^h'{g{a+)) ^ ^.^ ^ ^(^g^a-))^h>{g{a+)) 



a£jg{k) 



is absolutely convergent and thus also infinite product in the definition of Yj^{g) converges. The 
same arguments immediately yield 



\\ogY^{g)\ < Yl 



\ log h'{g{a-)) + \ log U{g{a-)) - log /i'(e(a)) 



< C. 



(4.6) 



(ii) In order to prove the convergence Y^^ (g) — > Y"^ (g) , for given g £ G we split the product over 
all jumps into a finite product over the big jumps and an infinite product over all small jumps. 
Obviously, the finite products will converge (for any choice of k) 



n 

ae{ai,...,ak} 



VKi9ia-))VK{9ia+)) 



n 

ae{ai,...,afc} 



y/h'{g{a-))y/h'{g{a+)) 



as n ^ cxD provided /i„ — > /i in C^. Now let C = sup„ sup^. |(log /i^)'(x)| and choose k as before. 
Then uniformly in n 



log n 

a£.Jg\{ai,...,ai:} 



VKigia-))VKi9ia+)) 



Sg 



<C -e. 



(iii) Let Ci = sup|/i'(x)| and C2 = sup \ {\ogh')' (x)|. Then for all g and k: 

X X 

k-l 



j=0 
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and 



yo _ n h' {g{ti)) 



< 



exp 



exp 



■fc-i 



i=0 



k-l 



C2 ■ Yl \9it^ 



< exp(C2) 



(with suitable 7i,r?i G [g{ti), g{ti^i)] and Q G [g{ti),^i]). Analogously, the lower estimates 
follow. □ 



Proof of Theorem \4-l\ In order to prove the equality of the two measures under consideration, it 
suffices to prove that all of their finite dimensional distributions coincide. That is, for each m E 
N, each ordered family ti, . . . ,tm of points in and each bounded continuous u : (S^)"^ — > M 
one has to verify that 

/ u {h-' {g{h)) , h-' (<7(t2)) , . . . , /i-' ig{tm))) dq^ig) 

Jg 

u {g{ti),g{t2), g{tm)) ■ Y^{g) dq^^ig). 

Without restriction, we may restrict ourselves to equidistant partitions, i.e. ti = ^ for i = 
1, . . . ,m. Let us fix m G N, n and h. For simplicity, we first assume that h is C^. Then by 
Lemmas 14.61 - [481 and Lebesgue's theorem 

u{g{l^),...,g{l)).Y,^^{9)dqP{g) 

[ ^(5(^),---,<7(l))- limF,^,(5) 

Jg k^oo 



mk—l 



hm / u{g{^),...,g{l)). J] 

i=0 
nk- 

n 



mk—l 



^(fan) 9 ikm) 

H9m)-h{g{^)) 



i=0 



lim 



m 



h{g{m)-h{g{it)) 
9m -9{^) 

mk—l mk—l 



J_ 

km 



dQ^ig) 



k-*oo [r(/3/A;m)]'=™ Jg^ 

m 



/ u{xk,X2k,---,Xmk) TT h'{xi)- TT [h{xi+i) - h{xi)]'k^'^ dxi . . . dXrnk 
■^^1 i=0 i=0 



i=0 
mk—l 



lim r , , X,, f 

m 



[ u{xk,X2k,---,Xmk)- TT IH^i+i) - H^i)]''"''- ^ dh{xi) . . . dh{x.mk) 

I qmk 

•^•^1 i=0 



lim 



„ mk—l 

/ u(h~^{yk),h~^{y2k),---,h~^{ymk)) ■ TT 



Vi] ^ dyi... dymk 



k^oo [r(/?/A;m)]'=™ 

Now we treat the general case h £ C'^. We choose a sequence of C^-functions /i„ G G with ^ h 
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in C^. Then 



u {h~' {g{ti)) , h-' {g{t2)) ,...,h-' [git^))) dQ^{g) 



lim / u{h~'{g{h)),h-^{git2)),...,h-'{g{tm))) dQ^ig) 
Jg 

lim / u{g{h),g{t2),...,g{tm))-Yl(g) 

n^oo Jg 

Pi 



u{g{ti),g{t2),...,g{trn))-Y^{g) 



For the last equality, we have used the dominated convergence Yj^ {g) —>■ Yl^{g) (due to Lemma 



4.5 Proof for the Interval Case 

The proof of Theorem 14.31 uses completely analogous arguments as in the previous section. To 
simplify notation, for /i G C^([0, 1]), A; G N let Xh,k, Y^^ : ^ K be defined by 



k-l 



and 



YUg) ■■- 



XhAo) ■■= n 

1=0 

gjii) - gjto) 

higih))-higito)) 



h{g{ti+i))-h{g{ti)) 

g{ti+i) - g{ti) 



-I k-l 

n 

i=l 



h' ig{k))- 



gjtj+i) - gjtj) 

h{g{U+i))-h{g{U)) 



where ii = j. with i = 0,l,...,/c. Similar to the proof of theorem 14.11 the measure Qq satisfies 

the following finite dimensional quasi-invariance formula. 

For any u : [0, 1]""-^ ^ M, m, Z G N and -isomorphism h : [0, 1] [0, 1] 



Go 



u {h-^ {g{h)) , h-^ {g{t2)) ,...,h-' dq^,{g) 



u {g{ti),g{t2), . . . • • Y^^lM d<^l{g), 



Go 

where ti = i = 1, ■ ■ ■ ,m—l. The passage to the limit for letting first / and then m to infinity 
is based on the following assertions. 

Lemma 4.9. (i) For each C'^ -isomorphism h ^ Qq and g ^ Qq 

Xh{g) = lim Xh,k{g)- 

k~*oo 

(a) For each C"^ -isomorphism h £ Qq and g £ Qq 



hm yo,,(5) = n 

k—>QO 



aeJn 



^h'{g{a+))-h'{g{a-)) 



1 \ ^ 

, • < fc'(g(l-)) 

y/h'{g{0)) ■ h'{g{l-)) [ 



ifgil-)=g{l) 
else. 



where Jg c]0, 1[ is the set of jump locations of g on ]0, 1[. In particular, 

hm Y^^,{g) = Yh,Q{g) for Q^-a.e.g. 
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(in) For all g ^ Qo and C'^ -isomorphism h € Go, the infinite product in the definition ofYhfi{g) 
converges. There exists a constant C = C{P,h) such that \/g G Qq 

h < yUa) < c. 



c 

(iv) Ifhn^h in ^^([0, 1], [0, 1]) with h as above, then Y°^''"{g) ^0,^(5). 

(v) For each -isomorphism h £ Qq there exists a constant C = C{l5,h) such that \/g G Q, 

^<xl,{g).YlM<C. 

Proof. The proofs of (i) and (iii)-(iv) carry over from their respective counterparts on the sphere, 
lemmas 14.61 and [4.81 above. We sketch the proof of statement (ii) which needs most modification. 
For e > choose / G N large enough and let 02, ... , a/_i denote the I — 2 largest jumps of g 
on ]0, 1[. For k very large (compared with I) we may assume that 02, ... , a/_2 £]f > 1 ~ f [• Put 
ai := ^, := 1 — p For j = 1, . . . , / let kj denote the index i G {1, . . . , — 1}, for which 
fflj G [tj, tj+i [. In particular, ki = 1 and ki = k — 1. Then using the same arguments as in lemma 



14.71 one obtains, for k and / sufficiently large, the two sided bounds 

■/iV'-'WVi)) 

g{ti+i) -g{ti 



£ n 

je{i,...,fc-i}\{fci, 



h'igm 



h{g{t^+i))-h{g{ti)) 



> e 



-2e 



-e/2 



l-l 

n 



h' {gitk,+i)) 



(11) 



For fixed I and k ^ 00 the bounds (I) and (II) converge to 

1-2 



(I') 



o2e 



' h'{g{a2-)) 

h'igm 



n 

j=2 



^'(g(a,+i-)) h'igil-)) 



h'{g{aj+)) V h'{g{ai-i+)) 



and 



(no 



-2e 



■ a 



-e/2 h'{g{a2-)) 



1-2 



n 

i=2 



Ih' {g{aj+i-)) 



h'{g{i-)) 



V h'igm 

It remains to consider the three remaining terms 



h'igiaj+)) V h'igiai_i+))' 



(III) 



which for fixed I and k 



n 

ie{k2,...,ki_i} 



h' igiti)) 



git 



9iU) 



higiti+i))-h igiti)) 



00 converges to 

(in') = n 

J=2 



1 Hhog) 
h'igiaj-)) Sg 



iaj) 



(IV) 



ail) 



aio) 



higil))-higiO)) 
converging by right continuity of g to 



^'^k^J /.(,(!)) -/.(,(!)) 



(iV) = h'igiO)) 
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and 



(V) 



which tends, also for A; ^ co, to 

(V) = I 



1 \i g continuous in 1 
1 else. 



Sg \^)h'{g{l-)) 



Combining these estimates and letting / ^ cxd, we obtain the first claim. The second claim in 



statement (ii) follows from the fact that g is continuous in t = 1 QQ-almost surely. 



□ 



5 The Integration by Parts Formula 

In order to construct Dirichlet forms and Markov processes onQ, we will consider it as an infinite 
dimensional manifold. For each g £ G, the tangent space TgG will be an appropriate completion 
of the space (^""(S'^jM). The whole construction will strongly depend on the choice of the norm 
on the tangent spaces TgQ. Basically, we will encounter two important cases: 

• in Chapter 6 we will study the case TgQ = H^{S^, Leh) for some s > 1/2, independent 
of g; this approach is closely related to the construction of stochastic processes on the 
diffeomorphism group of 5^ and Malliavin's Brownian motion on the homeomorphism 
group on S^, cf. |Mal99] . 

• in Chapters 7-9 we will assume TgQ = L^(5'^, i^^Leb); in terms of the dynamics on the 
space V{S^) of probability measures, this will lead to a Dirichlet form and a stochastic 
process associated with the Wasserstein gradient and with intrinsic metric given by the 
Wasserstein distance. 

In this chapter, we develop the basic tools for the differential calculus on Q. The main result 
will be an integration by parts formula. These results will be independent of the choice of the 
norm on the tangent space. 



5.1 The Drift Term 

For each G C°°(5'"'^, M), the flow generated by ip is the map e,p : x ^ where for each 
X £ the function e,p{.,x) : M S^,t ^ e^{t,x) denotes the unique solution to the ODE 

^ = ^(^*) (5-1) 

with initial condition xq = x. Since e^{t,x) = 6^(^(1, x) for all ip,t,x under consideration, we 
may simplify notation and write etip{x) instead of e^{t,x). 

Obviously, for each ip G C°°(5^,M) the family ej<^, t G M is a group of orientation preserving, 
C°°-diffeomorphism of S^. (In particular, eo is the identity map e on S"^, et,^ o e^^ = e(^t+s)tp for 
all s,t G M and (e^)^^ = e_^.) 

Since ^et(p(x)|f=o = fix) we obtain as a linearization for small t 

et^{x) ^ X + t(p{x). (5.2) 

More precisely, 

\et^{x) - {x + t^{x))\ <C-t^ 

as well as 

\—e,^{x)-{l + t—^{x))\<C-t' 
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uniformly in x and |t| < 1. 

For ip G C°°(S^M) and /3 > we define functions iG ^Rhy 



wliere 



{9)-=V^{g)+P [ ip'{g{x))dx 



9{a+) - g{a- 



(5.3) 



Lemma 5.1. (i) The sum in 15. 3\) is absolutely convergent. More precisely, 



Ki9)\ < E 



aeJg 



V>'{9{a+)) + ^'{9{a-)) V>{9ia+)) - M^-)) 



and 



9{a+) - g{a-) 



\V^{g)\<{l/2 + P). / y'{x)\dx. 



<\ I y{x)\dx 



(ii) For each /? > 



5-1 



dt 



(5.4) 



t=0 



Proof, (i) According to Taylor's formula, for each a £ Jg 
^'{gia+)) + ^'{g{a-)) o g) 1 



^9 



9{a+) rg(a+) 



Hence, 



E 



2{g{a+) - g{a-)) Jgi^a-) Jg(a-) 
ip'{g{a+))+^'ig{a-)) 5{ipog) 



sgn{y - x) ■ if" {y)dydx. 



< 



< 



-E 

aeJg 

-E 

2 ^ 



(g(a+) - gia-)) Jg^^^^) Jgi^^_) 



^9 

9{a+) fg{a+) 



sgn(y — x) • ip"{y)dydx 



Finally, 



'^"^^ |^"(y)|dy = i / |v."(y)|dy. 



ip'{g{x))dx\ < sup \ip'{y)\ < / |99"(y)|(i7/. 
51 j/GSi 



(ii) Let us first consider the case (3 = 0. 



t=0 



d_ 

di 



E 

y- 

^ dt 



Id Id 

2 + 2 ^°S(^et^)(5(a-)) - loj 



1. .9 



1. .9 



2 ^°s(^^*</')(5("+)) + o log(Tj;::et^)(5(a-)) - log 



2 



(^(etip ° 9) 
Sg 

Sj etip o g) 



(a) 



(a) 



In order to justify that we may interchange differentiation and summation, we decompose (as 
we did several times before) the infinite sum over all jumps in Jg into a finite sum over big 
jumps ai, . . . ,ak and an infinite sum over small jumps in Jg{k) = Jg\ {ai, . . . , a^}. Of course. 
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the finite sum will make no problem. We are going to prove that the contribution of the small 
jumps is arbitrarily small. Recall from Lemma 14.81 that 



E 



ilog(^e,^)(5(a+)) + ilog(|-e,^)(5(a-)) - log^^^^(a) 



<Cf Yl 

a£jg{k) 



where Cj := sup^^. | ^ log(^ei(^)(x)| . Now Cj < C • |t| for all |t| < 1 and an appropriate constant 
C. Thus for any given e > 



di 



E 



^-log{-^et^){g{a+)) + ^ log(^e,^)(g(a-)) - log '^^"^J^" (a) 



< e 



provided k is chosen large enough (i.e. such that C-J2aeJ (fc) ~ — This justifies 

the above interchange of differentiation and summation. 
Now for each x € 



d 



d 



^ log^e,,(x) 



t=Q 



since the linearization of ettp for small t yields 



d 



etip{x) w X + tLp{x), 'o^^tf^^) « 1 + t(p'{x). 



Similarly, for small t we obtain 



-{a) K, l + t ■ — (a) 



and thus 



Therefore, 



5g 

d 5{et^ o g) 
dt 5g 

d 



(a) 



t=o 



Hv°g) 
5g 



(a). 



dt 



V'{g). 



On the other hand, obviously 



since Y° (g) = 1. 



d_ 
dt 



^ogY'ig) 



t=o 



Finally, we have to consider the derivative of X^^^ . Based on the previous arguments and using 
the fact that ^ log {-^etip) i-c) is uniformly bounded in t G [—1, 1] and x G S*^ we immediately 
see 



d 

Q^^ogXe,^{g) 



t=0 



d 




log 




di 


L 


(—et 

\ dx ^^'^ 




d 


log 




L 


dt 





i=0 



igiy)) dy 



t=0 



^'ig{y))dy. 



Again Xe^ {g) = 1. Therefore, 

d 



t=0 



(3- / ^'ig{y))dy 



and thus 



K?(s)- 



t=0 



this proves the first identity in (j5.4p . The proof of the second one V,p{g) = ^Yg^^^(g) 
similar (even slightly easier). 



IS 



□ 
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5.2 Directional Derivatives 

For functions u : Q ^Rwe will define the directional derivative along ip G C°°{S^,R) by 

D^u{g) := lim j [u(et^ o g) - u{g)] (5.5) 

provided this limit exists. In particular, this will be the case for the following 'cylinder functions'. 
Definition 5.2. We say that u : Q —f-M. belongs to the class &^{Q) if it can be written as 

u{g) = U{g{xi),...,g{xm)) (5.6) 
for some m G N, some xi, . . . , Xm G and some -function U : {S^)'^ — M. 
It should be mentioned that functions u G &^{G) are in general not continuous on Q. 
Lemma 5.3. The directional derivative exists for all u G &^{Q). In particular, for u as above 

D<pu{g) = lim ^ [u{g + t-ipog)- u{g)] 



^ diU {g{xi), g{xm)) ■ v{g{xi)) 



1=1 



with diU := -^U . Moreover, : &^{g) 6^=-^^) for all k G NU {oo} and 

I|-C<p^IIl2(Q/S) < l|V[/"||oo • ||¥'||l2(51). 

Proof. The first claim follows from 



d 

D^u{g) = —U{et^{g{xi)),...,et^{g{xm))) 



t=o 



= ^ diU{et^{g{xi)), . . . ,et^{g{xm))) ■ ^et^(c/(xi)) 

i=l 
m 

= ^diU{g{xi),...,g{xm)) ■ ip{g{xi)) 

1=1 
d 

= -g^U{g{xi) +t(p{g{xi)), . . . ,g{xm) +tip{g{xm))) 
^ i t^^^ + t-(pog)- u{g)] . 



t=o 



t=o 



For the second claim, 

l|-^¥''"lli2(Q/3) = 

Jg (f^diUigixi), . . . ,g{xm)) ■ ^{gix^))^ dQf^{g) 
< / ij2mf{9{xi),...,9{xm))-J2^'i9{xi))\ dQ^ig) 

^ \i=l i=l I 

m „ 



= rn-\\VU\\l 



□ 
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5.3 Integration by Parts Formula on V{S^) 

For if £ C°°(S'\M) let L>* denote the operator in L'^{g,Q'^) adjoint to with domain e^{g). 
Proposition 5.4. Dom{D*^) D &^{Q) and for all u £ &^{g) 



D;u = -D^u - ■ u. 



(5.7) 



Proof. Let u,v £ S^(^). Then 



lim — 

t^o t 

lim — 

1™ ^ / ^^(5) • b(e-t^ og)- v{g)] 



u{et^og) -u{g)] -vig) 
u{g) ■ v{e-t^ o g) . y£^^ - u{g) ■ v{g) 



1 

I 

,. 1 

+ hm — 

t^o t 



Yf 



dQ^ig) 



uig) ■ [vie-t^ og)- v{g)] ■ 



u ■ D^v dqf^ig) - u-vV^ dQf^ig) + 0. 



To justify the last equality, note that according to Lemma 14.81 |logyef,^| < C* ■ 1^1 for |t| < 1. 



Hence, the claim follows with dominated convergence and Lemma |5.4[ □ 

Corollary 5.5. The operator (L'^,S^(^)) is closable in L^(Q^). Its closure will be denoted by 
{D^,Dom{D^)). 

In other words, Dom{D^) is the closure (or completion) of S^(^) with respect to the norm 

^ r \ 1/2 



Of course, the space Dom{Dyy) will depend on /? but we assume /3 > to be fixed for the sequel. 
Remark 5.6. The bilinear form 



Dom{£^) := Dom{D^ 



(5.8) 



is a Dirichlet form on L^(^,Q^) with form core &°°{Q). Its generator (L^, Dom{L^)) is the 
Friedrichs extension of the symmetric operator 

i-D;oD^, G\g)). 

5.4 Derivatives and Integration by Parts Formula on ^([0, 1]) 

Now let us have a look on flows on [0,1]. To do so, let a function ip G C°°([0, 1], R) with 
(^(0) = V'(l) = be given. (Note that each such function can be regarded as ip £ C°°(S'^,R) 
with 93(0) = 0.) The flow equation (|5.ip now defines a flow etip, t G M, of order preserving C°° 
diffeomorphisms of [0, 1]. In particular, et,^(0) = and ej(^(l) = 1 for all t G M. 

Lemma |5 . II together with Theorem 14.31 immediatelv yields 



Lemma 5.7. For 99 G C°°([0, 1],IR) with 99(0) = (/?(1) = and each /? > 



|<,o(.) 



(5.9) 



t=0 
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For functions u : Gq ^ M we will define the directional derivative along if G C°°([0, with 
ip{0) = (p{l) = as before by 

D^u{g) := lim ^ [u{et^ o g) - u{g)] (5.10) 

provided this limit exists. We will consider three classes of 'cylinder functions' for which the 
existence of this limit is guaranteed. 

Definition 5.8. (i) We say that a function u : Qq ^ M. belongs to the class ^^{Qo) (for k S 
N U {0, co} ) if it can he written as 

<9) = U [ff{t)g{t)dt) (5.11) 

for some m G N, some f = (/i, . . . , fm) with fi G -^^^([0, 1], Leh) and some -function U : — > 
M. Here and in the sequel, we write J f{t)g{t)dt = ^ fi{t)g{t)dt, ■ ■ ■ , Jq fm{t)g{t)dt^ ■ 

(ii) We say that u : Qq ^ belongs to the class ©^{Qq) if it can be written as 

u{g) = U{g{xi),...,g{xm)) (5.12) 

for some m G N, some xi, . . . , Xm G [0, 1] and some -function U : M™ M. 

(iii) We say that u : Qq ^M. belongs to the class 3^{Qo) if it can be written as 

u{g) = U{fa{gs)ds) (5.13) 

with U as above, a = (ai, . . . , am) G ^^([0, 1], R"*) and j a{gs)ds = (^Jq ai{gs)ds, ■ ■ ■ , Jq ctmigs)ds^ - 

Remark 5.9. For each ip G C°°(5^M) with 99(0) = (which can be regarded as G C°^([0, 1],M) 
with (/'(O) = y'(l) = 0), the definitions of D^p in (j5.5p and (|5.10p are consistent in the following 
sense. Each cylinder function u G &^{Qo) defines by v{g) := u{g — go) (Vg G ^) a cylinder 
function v G &^{G) with D^pV = D^u on Qq. Conversely, each cylinder function v G &^{G) 
defines by u{g) := v{g) {\/g G ^0) a cylinder function u G &^{Qo) with D^v = D^u on Qq. 

Lemma 5.10. (i) The directional derivative Dipu{g) exists for all u £ (t^(QQ)L)&^{Qo)U'5^{Go) 
(in each point g £ Go C'^d in each direction ip G C°°([0, 1],M) with 95(0) = 97(1) = and 
D^u{g) = limt^o j [u{g + i ■ f o g) - u{g)] . Moreover, 



D^<g) = Y.^^^{ff(*^9{t)dt)-Jfi{t)Mt))dt 

i=l 

for each u G ^"'^(^o) as in \5.11\) . 

m 

D^u{g) = ^diU{g{xi),. . . ,g{xm)) ■ p^{g{xi)) 

i=l 

for each u G S^(^o) as in ^5.13\) . and 

m 

D^u{g) = ^ diU (/ d{gs)ds) ■ J a[{gs)p{gs)ds 

i=l 

for each u G 3^(^o) in ^5.13\) . 

(ii) For if G C°°([0, 1],M) with 99(0) = Lp{l) = let D'^q denote the operator in L^(^o,Qo) 
adjoint to D^. Then for all u G (t^iGo) U 61(^0) U ^iGo) 

D;^,u = -D^u-V^^,-u. (5.14) 
Proof. See the proof of the analogous results in Lemma 15.31 and Proposition 15. 4i □ 

Remark 5.11. The operators {D^,<t\Go)), iD^,6HOo)), and iD^,3HGo)) 

are closable in 

L2(Q(^). The closures of {D^,(t^{Go)), {D^^^iGo)) and {D^,e\Go)) coincide. They will be 
denoted by {D^, Dom{D^)). See (proof of) Corollary [6TTTJ 
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6 Dirichlet Form and Stochastic Dynamics on on Q 



At each point g € G, the directional derivative D^u{g) of any 'nice' function u on G defines 
a Hnear form if i-^ D^u{g) on ^^{S^). If we specify a pre-Hilbert norm ||.||g on C°°(5^) for 
which this hnear form is continuous then there exists a unique element Du{g) S TgQ with 
Dipu{g) = {Du{g),ip)g for all ip £ C°°{S^). Here TgG denotes the completion of C°°(5^) w.r.t. 
the norm H-H^. 

The canonical choice of a Dirichlet form on G will then be (the closure of) 

£{u,v) = [ {Du{g),Dv{g))gdq''{g), u,v £ &\g). (6.1) 



Jg 

Given such a Dirichlet form, there is a straightforward procedure to construct an operator ('gen- 
eralized Laplacian') and a Markov process ('generalized Brownian motion'). Different choices of 
\\.\\g in general will lead to completely different Dirichlet forms, operators and Markov processes. 
We will discuss in detail two choices: in this chapter we will choose (independent of g) to 
be the Sobolev norm W-Wh" for some s > 1/2; in the remaining chapters, \\.\\g will always be the 
L^-norm <f ^ (/^i <f{gtfdt)^/'^ of L"^ {S^ , g^Leh) . 

For the sequel, fix - once for ever - the number /? > and drop it from the notations, i.e. 
Q := Q^, := etc. 

6.1 The Dirichlet Form on Q 

Let {tpk)km denote the standard Fourier basis of L'^{S^). That is, 

ip2k{x) = V2 ■ sin(27rA;x), -02^+1(2;) = V2 ■ cos{2Tikx) 

for = 1,2, . . . and V'i(^) = 1- It constitutes a complete orthonormal system in L^(5^): each 
(/? G L?'{S^) can uniquely be written as '^{x) = Y^^=i^k • i^k{x) with Fourier coefficients of if 
given by := Jgi (p{y)ipk{y)dy. In terms of these Fourier coefficients we define for each s > 
the norm 

/ 00 \ 1/2 

M\h^ := U + E • (^2fc + 4+1) j (6.2) 

on C°°{S^). The Sobolev space H^{S^) is the completion of C°°{S^) with respect to the norm 
It has a complete orthonormal system consisting of smooth functions {ipk)ke'N- For 
instance, one may choose 

V2kix) = ■ ■ sm(2iTkx), ^2k+i{x) = V2 ■ ■ cos{2iTkx) (6-3) 

for k = 1, 2, . . . and 921(2;) = 1- 

A linear form A : C°°{S^) ^ M is continuous w.r.t. W-Wh" — and thus can be represented as 
A{ip) = {tP,ip)h'^ for some ip £ H^{S^) with IIV'II//" = II^IIh'' — if and only if 

/ 00 \ 1/2 

\\A\\h^ := hA(V'i)P + J^fe2«-(|A(V'2fc)l' + l^(V'2fc+i)P)j <oo. (6.4) 

Proposition 6.1. Fix a number s > 1/2. Then for each cylinder function u G 6(^) and each 
g £ G, the directional derivative defines a continuous linear form ip ^ D^u{g) on C°°{S^) C 
H^{S^). There exists a unique tangent vector Du{g) £ H^{S^) such that D^u{g) = {Du{g), 'p)h'' 
for all<p£C°°{S^). 

In terms of the family ^ = {ipk)k€N from 116. 3\) 

00 

Du{g) = ^D^^u{g) ■ ifki-) 

k=l 
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and 

oo 

\\Du{g)\\ls=Y,\D^M9)\'- (6.5) 



k=l 



Proof. It remains to prove that the RHS of (j6.5|) is finite for each u and g under consideration. 
According to Lemma |5.3| for any u G &{G) represented as in (|5.12p 



oo / m 



k=l k=l \i=l 



^\D^^u{g)\'^ = ^i^diU{g{xi),...,g{xm))-'Pk{9{xi))\ 
k=i \i=i / 

oo 

< m-||Vf/||L-||^(^i|U = m-\\VU\\l-{l + 4Y,k 



oo 

2s \ 



k=l k=l 

And, indeed, the latter is finite for each s > 1/2. □ 
For the sequel, let us now fix a number s > 1/2 and define 



£{u,v) = / {Du{g),Dv{g))H^ dq{g) (6.6) 
Jg 

for u,v £ 6^{Q). Equivalently, in terms of the family $ = {ipk)keN from (j6.3p 

oo „ 

£{u, v) = '£ D^^u{g) ■ D^^v{g) dQ{g). (6.7) 



k=l ■ 



Theorem 6.2. (i) {£,&^{Q)) is closable. Its closure {£,Dom(£)) is a regular Dirichlet form 
on L^(t/,Q) which is strongly local and recurrent (hence, in particular, conservative). 

(ii) For u G &^{G) with representation h5. 0) 

oo „ / m \ 2 

£{u,u) = ^ / \y^diU{g{xi),...,g{xrn))-^k{9{xi))\ dQ{g). 

k=l ^ \i=l / 

The generator of the Dirichlet form is the Friedrichs extension of the operator L given on &'^{Q) 
by 

m oo 

Lu{g) = ^^didjU{g{xi),...,g{xm))^k(.g{xi))ipk(.g{xj)) 

i,j=l k=l 
m oo 

+ {g{xi), ■ ■ ■,g{xm)) [f'k{g{xi)) + V^^{g)](fk{9{xi)). 

i=l k=l 

(iii) 3^(^) is a core for Dom{£) (i.e. it is contained in the latter as a dense subset). For 
u G with representation i5.13\) 

£{u,u) = f ^a,?7(/a(5t)dt)-/a^(5t)(/^fc(5t)t^ij 

The generator of the Dirichlet form is the Friedrichs extension of the operator L given on 3^(^) 
by 



m oo 



I^u{g) = X] X] ^"-^i^ U^i9t)dt) ■ J a[{gt)ipk{gt)dt ■ fa'j{gt)(pk{gt)dt 

i,j=l k=l 
m oo 

+ Y.Y.^^^U^i9t)dt) {V^^{g) + J[a'l{gt)d{9t) + a[{gtWk{gt)M9t)]dt]. 



i=l k=l 
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(iv) The intrinsic metric p can be estimated from below in terms of the L'^ -metric: 

p{g,h) > -^\\g-h\\L2. 



Remark 6.3. All assertions of the above Theorem remain valid for any £ defined as in ([67 
with any choice of a sequence ^ = {fk)keN of smooth functions on with 

oo 

C:=\\^^l\\oo<oc. (6.8) 

k=l 

(This condition is satisfied for the sequence from ()6.3p if and only if s > 1/2.) 
The proof of the Theorem will make use of the following 

Lemma 6.4. (i) Dom{£) contains all functions u which can be represented as 

u{g) = U{\\g-fi\\L2,...,\\g-f,n\\L^) (6.9) 

with some m £ N, some fi, ■ ■ ■ , fm ^ Q o,nd some U G C"'^(M'", M). 
For each u as above, each ip G C°°{S^) and Q-a.e. g £ Q 

D^uia) = f; d,u{\\9 - . ..,\\a- f^U2) ■ [ sign{g{t) - fm ^f^ ~/f^^ Mt))dt 

wheresign{z) := +1 for z S with\[0,z]\ < 1/2 andsign{z) := —1 for z £ with\[z,0]\ < 1/2. 
(ii) Moreover, Dom{£) contains all functions u which can be represented as 

u{g) = U{ge^{xi), . . .,g^^{xm)) (6.10) 

with some m G N, some xi, . . . , Xm G , some ei, . . . , £ ]0, 1[ and some U £ C^{{S^)^,U.). 
Here ge{x) := j^^'' g{t)dt G S'^ for x £ and < e < 1. More precisely, 

g,{x):=7r{[ ^-^g{t)dt) 



where vr : Q{M) Q (cf. section 2.2) denotes the projection and ir ^ : Q ^ ^(M) the canonical 
lift with ■K~'^{g){t) £ [g{x),g{x) + 1] C M /or t G [x, x + 1] C M. 
For each u as above, each ip £ C°°(5^) and each g £ G 

D^u{g) = ^diU{ge^{xi), . . . ,g^^{xm)) ■ - / ip{g{t))dt. 
i=i ■^^^ 

(iii) The set of all u of the form 16.10\) is dense in Dom{£). 

Proof, (i) Let us first prove that for each f £ G, the map u{g) = \\g — fW^i lies in Dom{£). For 
n G N, let -7r„ : ^ ^ ^ be the map which replaces each g by the piecewise constant map: 

vrn(5)(i) :=<?(-) fortG[-,^[. 

n n n 

Then by right continuity 7r„(g) — > gf as n — > oo and thus 

1 \ - , , I 



/ \9{t)-fitrdt. 
n n Jsi 



n 

i=0 
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Therefore, for each g G G as n — > oo 

1 n — 1 

nnig) := Un{g{0),g{-), g{ )) u{g) (6.11) 

n n 

/ n-l ■ \'^/'^ 

where Un{xi, . . . , x„) := ( - Y17=o dn{xi+i — /(^))^ ) and dn is a smooth approximation of 

the distance function x ^ \x\ on (which itself is non-differentiable at x = and x = ^) with 
\d'^\ < 1 and (i„(x) — > |x| as n — > oo. Obviously, u„ G S^(^). 

By dominated convergence, (j6.1ip also implies that u„ ^ u in L2(a,Q). Hence, u £ Dom{S) if 
(and only if) we can prove that 

sup<?(n„) < oo. 



But 



oo 

E 

k=l 

oo 



" 1 — 1 ' — 1 

^ a,c/„(<7(o), 5(-), . . . , ff(^^ — )) • ^{gC- — )) 

^-^ n n n 

1=1 



2 



^ E/ -Y.^l^9{^))dQ{g) = ^llv^.lli, <oo, 
k=i-^^ i=i k=i 

uniformly in n G N. This proves the claim for the function u{g) = \\g — /H^a. 
From this, the general claim follows immediately: if Vn, n £ N, is a sequence of 6^{Q) approx- 
imations of g ^ \\g — 0\\i2 then Un{g) ■= U{vn{g — /i), . . . , Vn{g — fm)) defines a sequence of 
©H^) approximations of u{g) = U{\\g - /i||l2, . ..,\\g- /mllia). 

(ii) Again it suffices to treat the particular case m = 1 and U = id, that is, u{g) = ge{x) 
for some x G and some < e < 1. Let g G ^(M) be the lifting of g and recall that 
<9) = <\ mdt). Define n„ G &\g) forn G N by Un{g) = 7r(i EH'o ^(x + ^e)). Right 
continuity of g implies u„ ^ n as n ^ oo pointwise on Q and thus also in L'^(G, Q). To see the 
boundedness of £{un) note that D^Un{g) = ^ Y17=o ^idi^ + n^))- Thus 

oo „ ^ n— 1 . oo 

(iii) We have to prove that each u G &^{Q) can be approximated in the norm (||.p +<?(.) )"^/^ by 
functions u„ of type ()6.10p . Again it suffices to treat the particular case u{g) = g{x) for some 
X G 5^. Choose Un{g) = gi/ni^)- Then by right continuity of g, Un ^ u pointwise on G and 
thus also in L'^{g,Q). Mor cover, D^Un{g) = n f^^^^^ ip{g{t))dt (for all (p and ^f) and therefore 

°o rx+l/n 

£{un) < E^ / ipl{g{t))dtdq{g) = \Wk\\l2 < oo. 

k=l k=l 

□ 

Proof of the Theorem, (a) The sum £ of closable bilinear forms with common domain &^{g) 
is closable, provided it is still finite on this domain. The latter will follow by means of Lemma 
which implies for all u G with representation (jS.lip 

oo „ / m \ ^ 

£{u,u) = Y ['YdiU{g{xi),...,g{xm))-(Pk{gixi))\ 
k=i-^^ \i=i ) 

oo 

< l|Vf/||L • E < 

k=\ 
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Hence, indeed £ is finite on G^{Q). 

(b) The Markov property for £ foilows from that of the £ip^{u, v) = fg D^^^u ■ D^^^v dQ. 

(c) According to the previous Lemma, the class of continuous functions of type (j6.10p is dense 
in Dom{£). Moreover, the class of finite energy functions of type ()6.9p is dense in C{Q) (with 
the topology of ^ C L'^{S^), cf. Proposition I2.1|) . Therefore, the Dirichlet form £ is regular, 
(e) The estimate for the intrinsic metric is an immediate consequence of the following estimate 
for the norm of the gradient of the function u{g) = \\g — /Wl^ (which holds for each f £ G 
uniformly in g £ Q): 



\\Du{g)f 



9it)-Mt)\ 
Wa - fi\\L2 



oo „ oo 

< E ldi9{t))dt<\\Y,d\\oo=:C. 

k=l ''^^ k=l 



ipk{g{t))dt 



(f) The locality is an immediate consequence of the previous estimate: Given functions u,v £ 
Dom{£) with disjoint supports, one has to prove that £{u,v) = 0. Without restriction, one may 
assume that supp[n] C Br{g) and supp[f] C Br{h) with \\g — h\\]^2 > 2r + 25. (The general 
case will follow by a simple covering argument.) Without restriction, u,v can be assumed to be 
bounded. Then \u\ < Cws^g and \v\ < Cws^h ^or some constant C where 



ws,gif) 



{r + 6-\\f-g\\L2)Al 



VO. 



Given n„ G ^^{G) with n„ — > ti in Dom{£) put 

Un = {Un A Ws^g) V {-Ws^g). 

Then — > u in Dom{£). Analogously, Vn ^ v \n Dom{£) for U„ = {vn A ws^h) V {—ws^h)- But 
obviously, £{un,Vn) = since Tin -Vn = 0. Hence, £{u, v) = 0. 

(g) In order to prove that 3^(^) is contained in Dom{£) it suffices to prove that each u G 3^(^) 
of the form u{g) = J a{gt)dt can be approximated in Dom{£) by Un G S^(^). Given u as above 
with Q G CHS\R) put un{g) = i Ei=i a{9i/n)- Then Un G S^G), Un ^ u on G and 

1 " r 

D^Un{g) = -'Ya'{gi/n)(p{gi/n) J a'{gt)(p{gt)dt = D^u{g). 



Moreover, 



£(^Um Un 



E 



1 " 
n ^ 



i/n] 



i=l 



,/^)^dQ{g)=C 



a'{tfdt 



J^k^'U 

uniformly in n G N. Hence, u G Dom{£) and 

£{u,u)= \im £{un,Un) = Q.'{gt)(pk{9t)dt 

(h) The set 3^(^) is dense in Dom{£) since according to assertion (ii) of the previous Lemma 
already the subset of all u of the form ()6.10|) is dense in Dom{£). 

Finally, one easily verifies that 3^(^) is dense in 3^(^) and (using the integration by parts 
formula) that L is a symmetric operator on 3'^(^) with the given representation. □ 
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Corollary 6.5. There exists a strong Markov process {gt)t>o on Q, associated with the Dirichlet 
form £. It has continuous trajectories and it is reversible w.r.t. the measure Q. Its generator 
has the form 

k k 
with {(pk}keN being the Fourier basis of H^{S^). 

Remark 6.6. This process {gt)t>o is closely related to the stochastic processes on the diffeo- 
morphism group of and to the 'Brownian motion' on the homeomorphism group of S^, 
studied by Airault, Fang, Malhavin, Ren, Thalmaier and others |AMT041 EM06| IAR021 IFan021 
IFan041 [Mal99| . These are processes with generator ^Lq = \ ^k^Vk^Vk- instance, in the 
case s = 3/2 our process from the previous Corollary may be regarded as 'Brownian motion 
plus drift'. All the previous approaches are restricted to s > 3/2. The main improvements of 
our approach are: 

• identification of a probability measure Q such that these processes — after adding a 
suitable drift — are reversible; 

• construction of such processes in all cases s > 1/2. 
6.2 Finite Dimensional Noise Approximations 

In the previous section, we have seen the construction of the diffusion process on Q under minimal 
assumptions. However, the construction of the process is rather abstract. In this section, we try 
to construct explicitly a diffusion process associated with the generator of the Dirichlet form £ 
from Theorem 16.21 Here we do not aim for greatest generality. 

Let a finite family $ = {(pk)k=i,...,n of smooth functions on be given and let {Wt)t>o with 
Wt = (W^, . . . ,Wp) be a n-dimensional Brownian motion, defined on some probability space 
{Q,T,P). For each x S S"^ we define a stochastic processes {r]t{x))t>o with values in as the 
strong solution of the Ito differential equation 

n \ ^ 

dTjtix) =Yy,k{Vt{x))dW,' + -Y,V>'k{rit{x))Vk{rh{x))dt (6.12) 
k=l k=l 

with initial condition r]Q{x) = x. Equation ()6.12p can be rewritten in Stratonovich form as 
follows 

n 

dr,t{x) = J2 Mvtix)) o dWt^. (6.13) 

k=l 

Obviously, for every t and for P-a.e. lo £ Q, the function x i— > rit{x,uj) is an element of the 
semigroup Q. (Indeed, it is a C°°-diffeomorphism.) Thus (|6.13p may also be interpreted as a 
Stratonovich SDE on the semigroup Q: 

n 

dm = fkiVt) o dWt^, r]o = e. (6.14) 
fe=i 

This process on Q is right invariant: if gt denotes the solution to ()6.14|) with initial condition 
go = g for some initial condition g £ G then gt = m ° 9- easily verifies that the generator 
of this process {gt)t>o is given on S^(^) by ^J2k=i-^'Pk^'Pk- What we aim for, however, is a 
process with generator 

^ n \ ^ 1 " 

-2T.KkD^k = ^Y ^^^^^^ + 2 E • 

k=l k=l k=l 
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Define a new probability measure on (i7,jr), given on Tt by 

V^,{r,sog)dW^--Y^ \V^^[nsO g)\^ds\dV (6.15) 

and a semigroup {Pt)t>Q acting on bounded measurable functions u on ^ as follows 

Ptu{g) = [ u{rjt{g{.),oj))dP^u). 



n 

Proposition 6.7. {Pt)t>o is a strongly continuous Markov semigroup on Q. Its generator is an 
extension of the operator = — ^ Ylk=i ^Vk-^fk ^^^^ domain S^(^). That is, for all u G &'^{Q) 
and all g ^ Q 

lim i {Ptu{g) - u{g)) = ]^Lu{g). (6.16) 

Proof. The strong continuity follows easily from the fact that r]t{x, .) t — > which 

implies by dominated convergence 



PMg) = / u{r]t o g) dP^ u{g) 
Jn 



for each continuous u : Q ^ M. 

Now we aim for identifying the generator. According to Girsanov's theorem, under the measure 
P^ the processes 

Wt = Wt-\j^ V^,[^sog)ds 

for A; = 1, . . . , n will define n independent Brownian motions. In terms of these driving processes, 
(j6.12p can be reformulated as 

n 1 " 

dgt{x) =Y,M9t{x))dWl^ + -Y,yk{9t{x)) + V^,{gt)]vk{gt{x))dt (6.17) 

fc=l k=l 

(recall that gs = r]s o g). The chain rule applied to a smooth function U on (S"^)™, therefore, 
yields 



dU (fft(yi), . . .,gt{ym)) 
_d_ 

dx 



d 

^7^^ ^dtivi), ■ ■ ■ , 9t{ym)) dgtivi) 

i=l ^' 



1 

+ 2 ^ -q^^tq^^ ^stivi), ■ ■ ■ , gtivm)) digXvi), g.iyj))t 

i,j=l * 
m n Q 

i=l k=l 

^ m n Q 

+ 2 a^^*-^**-^^^' ■ ■ ■ [v'U^tCyi)) + V^^{gt)]^k{3t{yi))dt 

i=l k=l * 

^ m n q2 

+ 9 XI X] a a ^ {ytiyx), ■ ■ ■,gt{ym)) <fk{gt{yi))fk{gt{yj))dt. 

^ i,i=l k=\ "^i^^i 
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Hence, for a cylinder function of the form u{g) = U{g{yi), . . . ,g{ym)) we obtain 
1™^ (^('"(S') - u{g)) 



lim^ / [U {gt{yi),...,gt{ym)) -U {gQ{yi),...,gQ{ym))\ dP^ 

^ JO. 

}^oJ j^j^ 2 (s'slyi), ...,gs{ym)) [iPk{gs{yi)) + V^^{gs)]ipkigsiyi)) 

-y rn n q2 

+ 9 X] f)^.f)^ ^ i9siyi), ■ ■ ■,9siym)) ^k{9s{.yi))vk{gs{yj)) 



dxidxj 
lj=lfc=l 

m n 



i=i k=i * 

+ 2 ^ ^ dx dx- ^ (giyi), ■ ■ ■ , 9{ym)) fk{9{yt))fk{g{yj)) 



i,j=l k=l 



^ n y n 

= 2^[D^,D^M9) + V^,{g) ■ D^^u(g)] = --Y,D;,D^M9)- 

k=l k=l 

In order to justify (*), we have to verify continuity in s in ah the expressions preceding (*). The 
only term for which this is not obvious is Vipi_{gs)- But gg = ijgog with a function r]s{x,uj) which 
is continuous in x and in s. Thus V^^. (r/s(., w) o g) is continuous in s. □ 

Remark 6.8. All the previous argumentations in principle also apply to infinite families of 
(Vfc)fc=i,2,...) provided they have sufficiently good integrability properties. For instance, the 
family (j6.3p with s > | will do the job. There are three key steps which require a careful 
verification: 

• the solvability of the Ito equation (j6.12p and the fact that the solutions are homeomor- 
phisms of 5^; here s > | suffices, cf. [Mal99]; 



the boundedness of the quadratic variation of the drift to justify Girsanov's transformation 

5 
2 

oo „2 °° 



in (I6.15P : for s > | this will be satisfied since Lemma l5 . 1 1 implies (uniformly in g) 



fc=l k=l •'^ k=l 



• the finiteness of the generator and Ito's chain rule for C^-cylinder functions; here s > | 
will be sufficient. 

Remark 6.9. Another completely different approximation of the process {gt)t>o in terms of 
finite dimensional SDEs is obtained as follows. For N £ N, let S]y denote the set of cylinder 
functions u : Q ^ M. which can be represented as u{g) = U{g{l/N), g{2/N), . . . ,g{l)) for some 
U G C^{{S^)^). Denote the closure of {£,6}^) by , Dom{£^)). It is the image of the 
Dirichlet form [E^ ,Dom{E^)) on Siv C {S^)^ given by 

N 

E^{U)= ^ diU{x)djU{x)aij{x)p{x)dx (6.18) 

with 

°° r(/3) ^ 
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and (as before) Sat = . . . ,X]\f) £ {S^)^ : Xli^i [[^^jj^i+ill = l|- That is, 

£^{u) = E^{U) 

for cylinder functions u S S]y as above. Let (^t, Px)t>o,xeEjv be the Markov process on Sat 
associated with E'^ . Then the semigroup associated with £^ is given by 

Now let {gt,Pg)t>o,g£g and (Tj)t>o denote the Markov process and the L^-semigroup associated 
with £. Then as A'" — > oo 

— > Tt strongly in 

since 

£'''\£ 

in the sense of quadratic forms, |RS80j . Theorem S. 16. (Note that UArgN62^ is dense in Dom(<?).) 
6.3 Dirichlet Form and Stochastic Dynamics on Qi and V 

In order to define the derivative of a function n : ^ M we regard it as a function u on Q with 
the property u{g) = u{go9^) for all z G S^. This implies that D^u^g) = {D^'u){g o 9^) whenever 
one of these expressions is well-defined. In other words, D^pU defines a function on Qi which will 
be denoted by D^pU and called the directional derivative of u along if. 

Corollary 6.10. (i) Under assumption 116. 8\) . with the notations from above, 

£{u,n) = J2 / \D, 



defines a regular, strongly local, recurrent Dirichlet form on L^(^i,Q). 

(ii) The Markov process on Q analyzed in the previous section extends to a (continuous, re- 
versible) Markov process on Qi. 

In order to see the second claim, let g,g ^ Q with g = g o 9^ for some z G S*^. Then obviously, 
gt{.,uj) = rit{g{.),uj) = r]t{g{. + z),uj) = gt(,.,uj) o 9^. 

Moreover, 

pg — ps 

since V^{g o 9z) = V^p{g) for all (/? under consideration and all z S^. 



The objects considered previously - derivative, Dirichlet form and Markov process on Qi - have 
canonical counterparts on V. The key to these new objects is the bijective map x ■ Si ^ V . 
The flow generated by a smooth 'tangent vector' ip : ^ through the point fi V will be 
given by ((e4<^)*//)tGR. In these terms, the directional derivative of a function u : "P — > M at the 
point /i G P in direction ip G C°°(S'^,M) can be expressed as 

D^uiiJ.) = lim J [u{{et^)^fM) - u{fi)] , 

provided this limit exists. The adjoint operator to in L^('P,P) is given (on a suitable dense 
subspace) by 
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The drift term can be represented as 

Jo ,,„tr. 



2 1/1 



Given a sequence $ = {ipk)km of smooth functions on satisfying (j6.8p . we obtain a (regular, 
strongly local, recurrent) Dirichlet form £ on L^(P,P) by 



£{u,u) = Y, [ \D^^u{fi)\^dF{fi). 



(6.19) 



It is the image of the Dirichlet form defined in (16. 7p under the map x- The generator of £ is 
given on an appropriate dense subspace of L^('P,P) by 



(6.20) 



k=l 



For P-a.e. G 'P-, the associated Markov process {fJ-t)t>o on V starting in is given as 

where {gt)t>o is the process on Q, starting in go := x~^(mo)- (As mentioned before, {gt)t>o admits 
a more direct construction provided we restrict ourselves to a finite sequence $ = {^Pk)k=i,...,n-) 



6.4 Dirichlet Form and Stochastic Dynamics on Qq and Vq 

For s > and (p : [0, 1] ^ M let the Sobolev norm Hv^H//" be defined as in (|6.2|) and let Hq{[0, 1]) 
denote the closure of C^(]0, 1[), the space of smooth : [0,1] R. with compact support 
in ]0, 1[. If s > 1/2 (which is the only case we are interested in) i/Q([0, 1]) can be identified 
with {if e H'{[0,1]) : 99(0) = ip{l) = 0} or equivalently with {ip G H'{S^) : ip{0) = 0}. 
For the sequel, fix s > 1/2 and a complete orthonormal basis $ = {ipk}k£N of Hq{[0, 1]) with 
^ •— II Xlfc V^fclloo < 00, and define 

00 „ 
k=l -^^0 

Corollary 6.11. {£q,<3^{Gq)), {£o,'5^{Go)) and {£o,<t^{Go)) are do sable. Their closures coincide 
and define a regular, strongly local, recurrent Dirichlet form {£q, Dom{£Q)) on L'^{Qq,Qq). 

Proof. For the closability (and the equivalence of the respective closures) of {£q,&^{Qo)) and 
(<?o, 3^(^o))) see the proof of Theorem 16.21 Also all the assertions on the closure are deduced in 
the same manner. For the closability of {£0, ^^{Qo)) (and the equivalence of its closure with the 
previously defined closures), see the proof of Theorem 17.81 below. 

□ 

As explained in the previous subsection, these objects (invariant measure, derivative, Dirichlet 
form and Markov process) on Qq have canonical counterparts on Vq defined by means of the 
bijective map X '■ Go ^ "Po- 



7 The Canonical Dirichlet Form on the Wasserstein Space 
7.1 Tangent Spaces and Gradients 

The aim of this chapter is to construct a canonical Dirichlet form on the L^-Wasserstein space 
Vq. Due to the isometry X ■ So ^ Vo this is equivalent to construct a canonical Dirichlet form 
on the metric space (^O) IMIl2)- This can be realized in two geometric settings which seem to be 
completely different: 
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• Like in the preceding two chapters, Qo can be considered as a group, with composition of 

functions as group operation. The tangent space TgQo is the closure (w.r.t. some norm) 
of the space of smooth functions 99 : [0, 1] ^ M with (p(0) = ip{l) = 0. Such a function ip 
induces a flow on Qq by {g,t) 1-^ etip o g ^ g + t if o g and it defines a directional derivative 
by D^u{g) = limt^o jbj'{et(pog) — u{g)] for u : Qq ^ R. The norm on TgQo we now choose 
to be ||(^||rg := (/ ^pigsfdsy/"^. That is, 

Tggo:=L^{[0,l],g.Leh). 

For given u and g as above, a gradient Du{g) G TgQ^ exists with 

D^u{g) = {Du{g),ip)T, {y^^Tg) 

if and only if sup,, if'^",,^^ < 00. 

• Alternatively, we can regard Qq as a closed subset of the space L^([0, 1], Leb). The lin- 
ear structure of the latter (with the pointwise addition of functions as group operation) 
suggests to choose as tangent space 

TgGo ■.= L\[0, l],Leb). 

An element / G T^^o induces a flow by {g, t) g+tf and it defines a directional derivative 
{'Frechet derivative') by 'Dfu{g) = limj^o ji'^id + tf) ~ ^(5)] for u : Qo ^ M., provided u 
extends to a neighborhood of Qq in -^^^([0, l],Leb) or the fiow (induced by /) stays within 
Go- A gradient Iiu{g) G TgQo exists with 

I}fu{g) = {m{g)J)L2 (V^gL2) 
if and only if supy "j^^^^^^ < 00. In this case, ^u{g) is the usual L^-gradient. 
Fortunately, both geometric settings lead to the same result. 

Lemma 7.1. (i) For each g ^ Go, the map tg : (p o g defines an isometric embedding 

of TgQQ = L'^{[0,1], g^,Leb) into TgQg = L'^{[0,1], Leb). For each (smooth) cylinder function 

Dipu{g) = 0^ogu{g). 
IfBu G L'^{Leb) exists then Du G L'^{g^Leb) also exists. 

(a) For Qo-a.e. g G Qo, the above map ig : TgQo — > TgQo is even bijective. For each u as above 
Du{g) = Bit((7) o y"^ and 

\\Du{g)\\T, = W^uig)^^. 

Proof, (i) is obvious, (ii) follows from the fact that for Qo-a-e- g ^ Go the generalized inverse 
g"^ is continuous and thus g~^{gt) = t for all t (see sections 3.5 and 2.1). Hence, the map 
Lg : TgQo — TgQo is surjective: for each / G T^^o 

□ 

Example 7.2. (i) For each u G y{Qo) of the form u{g) = U{Jq d{gt)dt) with U G C^(M™,R) 
and a = {ai,...,am) G ^^[0, 1], R'"), the gradients Du{g) G TgQo = L2([0, 1], ^^Leb) and 
Bu{g) G TgOo = L2([0, l],Leb) exist: 

m m 

Bu{g) = J2 diU{Jd{gt)dt) ■ a',{g{.)), Du{g) = diU{Jd{gt)dt) ■ «;(.) 
1=1 i=l 
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and their norms coincide: 

|2 _ inrft„./„M|2 '"^ ' 



\\Du{g)\\' = \pu{g)U 



Y,d,U{Jd{gt)dt)-a'Ms)) 



i=l 



ds. 



(ii) For each u G (L^iGo) of the form u{g) = U{J^ f{t)g{t)dt) with U G C^(M'^,M) and / 
{h,...Jm)eL^{[0,l],R"'), the gradient 



Bu{g) = Y,diU{Jf{t)g{t)dt) ■ ai{.) G ^^([0, 1], Leb) 

i=l 

exists and 

Y,9iU{Jf{t)g{t)dt)-f,{s) 



H9)\\t, 



i=l 



2 

ds. 



For u G e^^o) U 3n^o), the gradient Du can be regarded as a map x [0, 1] ^ K, (g, t) i— > 
Dit(5)(t). More precisely, 

D: eHgo)U3Hao) ^ ^2(^0 X [0,l],Qo®Leb). 

Proposition 7.3. The operator O : 3H^o) ^ L^(^o x [0, 1], Qo®ie6) is dosa6/e m ^^(^o, Qo)- 

Proof. Let 14^ G ^^(C/oX [0, l],Qo®Leb) be of the form W{g) = w{g)-ip{gt) with some w G 3H^o) 
and some ip G C°°([0, 1]) satisfying (/?(0) = (p{l) = 0. Then according to the integration by parts 
formula for each u G 3^(^o) with u{g) = f^(/o a{gs)ds) 

/ Bn- Wd(Qo®Leb) = / / y2diU{Jd{gs)ds)a[igt)w{gMgt)dtdQo{g) 

JGnxfO.ll Jft, JO j^;^ 



Z)^n(5)^x;(5)dQo(5) = / u{g)D;w{g) dQoig). 
Go J Go 



To prove the closability of D, consider a sequence in 3^(^o) with m„ — > in L^(Qo) and 

Bun -^V in -L2(Qo (g) Leb). Then 

jv-W d(Qo Leb) = lim j Dun ■ W d(Qo Leb) = lim j u„L>* u; dQo = (7.1) 

for all W as above. The linear hull of the latter is dense in L^(Qo ^ Leb). Hence, (|7.ip implies 
V = which proves the closability of B. □ 

The closure of (B,3H^o)) will be denoted by (B,Dom(B). Note that a priori it is not clear 
whether B coincides with B on ^^(^o)- (See, however. Theorem 17.81 below.) 

7.2 The Dirichlet Form 

Definition 7.4. For u,v G 3^{Go) U (t^{Qo) we define the 'Wasserstein Dirichlet integral' 



E{u,v)= {Bu{g),Bv{g))L2dQo{g)- (7.2) 
JGo 

Theorem 7.5. (i) (E,3"'^(^o)) is closable. Its closure (E, Dom(E)) is a regular, recurrent 

Dirichlet form on L'^{Qo,Qo). 

Dom(E) = £)oto(B) and for allu,v G Dom{0) 



E{u, v)= Bu-Bv d{Qo <^ Leb). 

-'So X [0,1] 
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(ii) The set 3o°(^o) of all cylinder functions u G 3°°(^o) of the form u{g) = U{J a{gs)ds) with 
U G C~(R™,M) and a = (ai,...,a„^) G C°°([0, 1], M'") satisfying a^(0) = a[{l) = is a core 
/or (E,L'om(E)). 

(iii) r/ie generator (L, Z)oto(L) o/ (E, Z)oto(E)) is i/ie Friedrichs extension of the operator 
(L,3^(go) given by 

m 

l.u{g) = -Y^Dl^u,{g) 

i=l 

m .J m 

= didjU {fa{gs)ds) ■ a[{gs)a'j{gs)ds + J29iU{fd{gs)ds)-V^,{g) 

^,J=1 -^0 i=l 

where Ui{g) := diU{fa{gs)ds) and V^,{g) denotes the drift term defined in section 5.1 with 

If = a[; P > is the parameter of the entropic measure fixed throughout the whole chapter. 

(iv) The Dirichlet form (E, Z)om(E)) has a square field operator given by 

T{u,v) := {nu,nv)L2^Leb) G L^GoMo) 
with Dom{T) = Dom (E) n L°°(ao, Qo)- That is, for allu,v,we D om (E) D L'^{g o,<Qo) 

2 w- T{u, v) dQo = K{u, vw) + E{uw, v) - K{uv, w). (7.3) 



Proof, (a) The closability of the form (E, 3^(^o)) follows immediately from the previous Propo- 
sition [7i3j Alternatively, we can deduce it from assertion (iii) which we are going to prove first, 
(b) Our first claim is that E{u,w) = — Ju ■ hwdQo for all u,w G 3(f(^o)- Let u{g) = 
U{f a{gs)ds) and w{g) = W{f 7(9^)^5) with U,W £ C°°(R™,M) and a = (ai, . . . , a„), 7 = 
(71, • • • ,7m) G C~([0, 1],M™) satisfying a^(0) = a^(l) = 7,'(0) = 7^(1) = 0. Observe that 



{Bu{g),Bw{g))L2 = d,U{fa{gs)ds) ■ djW{fi{gs)ds) ■ a',{gsWj(,gs)ds 

m 

= ^Uiia) ■ Da'w{g). 

i=l 

Hence, according to the integration by parts formula from Proposition 15.101 

Kiu,w) = I {Buig),Bwig))L2dQoig) 
■J Go 



/ Ui{g) ■ D^,w{g) dQoig) 
i=l •'So 

m „ 

/ Dl,u,{g)-w{g)d^^{g) 



i=l So 

huig)-w{g)dQo{g). 

Go 

This proves our first claim. In particular, (L,3(f (^0)) is a symmetric operator. Therefore, the 
form (E,3(f (^0)) is closable and its generator coincides with the Friedrichs extension of L. 
(c) Now let us prove that 3o°(^o) is dense in 3^(^o)- That is, let us prove that each function 
u G 3^(^o) can be approximated by functions G 3(f (^o)- For simplicity, assume that u is of the 
form u{g) = U{f a{gs)ds) with U G C^{R) and a G C^([0, 1]). (That is, for simplicity, m = 1.) 
Let Ue G C°°(R) for e > be smooth approximations of U with - C/Joo + - f^elloo ^ 
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as e ^ and let G C°°(]R) with a^(0) = = be smooth approximations of a with 

— ctelloo and a^(t) a'{t) for all t g]0, 1[ as e ^ 0. Moreover, assume that sup^ ||o'||oo < 

oo. 

Define £ 3q^{Go) as Uf:(g) = U^{J ae{gs)ds). Then ^ u in L'^iGoi'^o) by dominated 

convergence relative Qo- 

Since 

supsup(C/,'(/ae(5(.s))c^'S)) !\Qi]a[{gsfds < C, 
<^ g&Q ' ' ^ 

{a[)\g{s)) '-^ a'{g,f G [0, f] \ {{g = 0} n {5 = 1}) , 

and 

[0, f] \ {{g = 0} n {5 = f}) =]0, f [ for Qo-almost all g £ 
one finds by dominated convergence in L2([0, l],Leb), for Qo-almost all g e 

[U[{Ja^{gs)ds)f J yQ^^-^a[{gsfds ^ {U' {ja{gs)ds)f j ^^^^^a' [gsfds. 
Hence also with 



Qo 



EK,n,) = l_{U',{faMds)Y ■ fa'.igsfdsQoidg) 
{U'iJa{gs)ds)y ■ Ja'igsfdsQoidg) 



J Go 

by dominated convergence in L'^{Qo,Qo). In particular, {ue}e constitutes a Cauchy sequence 
relative to the norm '■— W'^Wl^ {g q) In fact, since the sequence is uniformly 

bounded w.r.t. to ||.||e,1) by weak compactness there is a weakly converging subsequence in 
(Z)om(E), ||.||e,i)- Since the associated norms converge, the convergence is actually strong in 
(Z)om(E), ||.||e,i)- Moreover, since Ue — *■ in L'^{Qq, Qq), this limit is unique. Hence the entire 
sequence converges to u £ (Z)om(E), ||.||e,i)i such that in particular K{u,u) = lim^^o¥,{ue,Ue). 
This proves our second claim. In particular, it implies that also (E,3^(^o)) is closable and that 
the closures of 3cf (^0) and 3^(^o) coincide. 

(d) Obviously, (E, Z)oto(E)) has the Markovian property. Hence, it is a Dirichlet form. Since 
the constant functions belong to Z)om(E), the form is recurrent. Finally, the set 3^(^o) is dense 
in {C{Go), 1 1. 1 1 00) according to the theorem of Stone- Weierstrass since it separates the points in 
the compact metric space Qq. Hence, (E, Z)om(E)) is regular. 

(e) According to Leibniz' rule, (|7.3p holds true for all u,v,w £ 3^(^o)- Arbitrary u,v,w G 
Dom (E) n L°°(^Oi Qo) can be approximated in (E(.) -|- by Un,Vn,Wn G 3^(^o) which are 
uniformly bounded on Go- Then UnVn uv, UnWn — > uw and VnWn vw in (E(.) -|- 
Moreover, we may assume that Wn — > w Qg-a.e. on Qq and thus 

\wT{u,v) - WnT{Un,Vn)\dQQ < j \w - Wn\T{u,v)d<^Q + J \Wn\ ■ \T {u, v) - T{Un, Vn)\dQo ^ 

by dominated convergence. Hence, (j7.3p carries over 

from3n^o) to Z?om(E)nL°°(go,Qo)- □ 
Lemma 7.6. For each f £ Go the function u : g ^ {1^9)^^ belongs to Dom{K). 
Proof, (a) For f,g £ Go put ^/ = /*Leb and Hg = g^^Leh. Recall that by Kantorovich duality 



\\\f-9\\l2 = ^dl,{nf,fxg) 



sup < / ipdfi / + / i^dfig > = sup < / 
ifi,^ Uo Jo J ip,'i> {.Jo 



ip{ft)dt+ I i,{gt)dt 
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where the sup^^,^ is taken over all (smooth, bounded) Lp € L^([0, 1], /xj), S L-'^([0, 1], /x^) 
satisfying '^{x) + V'(y) ^ \\^ — for /xj-a.e. x and fj,g-a.e. y in [0,1]. Replacing (/^(x) by 
|xp/2 — ip{x) (and '(/'(y) by . . .) this can be restated as 



(/,5)L2=inf / M)dt+ i^{9t)dt\ (7.4) 

where the inf;^^^ now is taken over all (smooth, bounded) tp £ L^{[0,1], fij), V £ -^^([0) /^g) 
satisfying ip{x) + ip{y) > {x,y) for fif-a.e. x and Hg-a.e. y in [0,1]. If g is strictly increasing 
then ip can be chosen as 

cf. [ViM] . sect. 2.1 and 2.2. 

(b) Now fix a countable dense set {gn}neN of strictly increasing functions in Gq and an arbitrary 
function f £ Go- Let {(pn, ipn) denote a minimizing pair for (/, gn) in ()7.4p and define ii„ : 
by 

'Un(5) := min <^ / 

1=1,.. .,n [Jq 

Note that tp'^ = f o g^^ and thus Un{gi) = (/, 9i) for all i = 1, . . . , n. Therefore, 



M{t))dt+ j\i{g{t))dt\ . 



\un{g) - Un{g)\ < max / \i)i{g{t))dt - iJi{g{t))\dt < iTiayi\\il)[\\^ ■ j \g{t) - g{t)\dt < \\g - gW^i 
' Jo « Jo 

for all g,g £ Go- Hence, Un ^ u pointwise on Go and in L'^{Go,Qo) where u{g) := {f,g). 
(c) The function Un is in the class '5^{Go)'- 

Un{g) = Un (/ d{gt)dt) 

with Un{xi, . . . , x„) = min{ci + xi, . . . , c„ + x^}, Ci = J ipi{f{t))dt and q, = -02- The function 
Un can be easily approximated by functions in order to verify that Un G -Dom(E) and 



ig) = ^lAM-i^M-)) 



with a suitable disjoint decomposition Go = UjAj. (More precisely, Ai denotes the set of all 
g e Go satisfying (f{fi{t))dt + /J 'ipi{g{t))dt < ip{fj{t))dt + /J %ljj{g{t))dt for ah j < i and 
/o (/p(/i(t))dt + /o ?/'i(5(t))di < /o V{fi{t))dt + /J V'*(5(i))rfi for ah j > i) Thus 



mr 



, Jo 



and 

E{un)<max[ \\4 ° dWhdQoig)- 

Jqo 

In particular, since \^^\ < 1, 

supE(n„) < 1 

n 

and thus u £ Dom{K). □ 
Lemma 7.7. For a// u G 3H^o) a?^ci a// w G £^(^0) n Dom(E) 

¥.{u,w)= [ {I])uig),Bw{g))L2dqoig) (7.5) 

(with Du{g) and Dw{g) given explicitly as in Example \ 7. 2^ . 
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Proof. Recall that for u € 3o°(^o) of the form u{g) = U{ja{gt)dt) 

m 

Lu{g)=Y,K'<9) 

1=1 

with Ui{g) = diU{J a{gt)dt). Hence, for w E ^^iGo) of the form w{g) = W{{h,g)) 
Kiu,w) = - J ]Luig)w{g)dQo{g) 

= K'Ma) w{g) dQoig) Ui{g)D^,Ui{g)w{g)dQo{g) 

i=l -'So ' i=l JQo 

m „ 

= E / diUifa{gt)dt)-djW{Jh{t)g{t)dt)-fa[{git))hj{t)dtdQo{g) 
i,j=l ■'So 

= [ {Ou{g),nw{g))dQo{g)- 

This proves the claim provided u G 3(f (^o)- By density this extends to all u G 3^{Go). □ 

Theorem 7.8. (i) (E, ^^(^o)) is closable and its closure coincides with (E, Dom{K)). Similarly, 
(D, C^(^o)) is closable and its closure coincides with (B, Z)om(B)). 
(ii) For allu,w e3HGo)'J^HGo) 

r{u,w){g) = {Bu{g),Bw{g))L2, (7.6) 



in particular, E(u, = {I}u{g),I}w{g)) ]^2dQo{g) (within)u{g) and Mw{g) given explicitly 



as 



in Example \7.S^ . 

(iii) For each f £ Qo the function Uf : g \\f — g\\i2 belongs to Dom{£) and T{uf,Uf) < 1 
Qo-a.e. on Qq. 

(iv) (E,Z)om(E)) is strongly local. 

Proof, (a) Claim: For each f £ ^^([0, 1], Leb) the function Uf : g ^ {fig)L'^ belongs to Dom{K) 
andlE{uf,Uf) = H/H^a. 

Indeed, if / G n then / = cq + ci/i + C2/2 with /i,/2 G Go and co,ci,C2 G M. Hence, 
Uf G Z)om(E) according to Lemma [7.61 and K{uf,Uf) = /||Btij|pdQo = according to 

Lemma [7771 Finally, each f £ L? can be approximated by fn ^ LP' ^ with ||/ — 0. 
Hence, Uf G I?om(E) andE(ti/,u/) = 
(b) Claim: Ci(go) C Dom{E). 

Let u G Ci(go) be given with u{g) = U{{f,g)), C/ G C^M", M), / = (/i, . . . , /™) G ^^([0, 1],M-). 
For each i = 1, . . . , m let (wi,n)neN be an approximating sequence in (3^(^o); 0^ + II-IP)^^^) for 
Wi: g^ {fi,g). Put n„(s') = U{wi^n{g), ■ ■ ■,Wm,n{g))- Then Un G 3H^o), Un ^ u pointwise on 
Qo and in L^(^O)Qo)- Moreover, 

E{Un,Un) = j \\'Y^diU{wi^n{g), ■ ■ ■ ,Wm,nig))OWi^nig)\\l2 dQo{g) 

i 

I diU{{fi,g), {fm,g))I^w,{g)\\l2 dQoig) 

i 

\Bu{g)f dQoig). 



Hence, u G Dom{E) and E(n,n) = / \\Bu{g)\\^ dQoig). 

(c) Assertion (ii) then follows via polarization and bi-linearity. Assertion (iii) is an immediate 
consequence of assertion (ii). Assertion (iii) allows to prove the locality of the Dirichlet form 
(E, Z)om(E)) in the same manner as in the proof of Theorem 16. 2[ 
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(d) Claim: ^^{Go) is dense in Dom{K). 

We have to prove that each u £ 3^(^o) can be approximated by Un G <t.^{Qo). As usual, it suffices 
to treat the particular case u{g) = a{gt)dt for some a S C^([0, 1]). Put . . . , x„) = 

^ Y17=i "(^j) and /n,i(i) = n ■ l,tzi ±r(t)- Then 

Unig) ■■= Un{{fn,l,g),--- {fn,n,g)) = j^-^ ^^^^ 

defines a sequence in ^^(^o) with Un{g) — > u{g) pointwise on Qq and in L'^{Qq,Qq). 
Moreover, 



i=l 

and therefore 

2 



(5) = ( ^y^_"^ 5tdtj • (7.7) 



K{un) = J l^Y."^' J",9tdt \ dQoig)^! I '^'^9t?'^tdQo{g)=E{u). (7.8) 



□ 



Thus (u„)„ is Cauchy in Dom(E) and n„, — > u in Dom(E). 

7.3 Rademacher Property and Intrinsic Metric 

We say that a function u : ^0 ^ is 1-Lipschitz if 

\u{g) - u{h)\ <\\g - h\\L2 (V5,/iG^o)- 

Theorem 7.9. Every 1-Lipschitz function u on Qq belongs to Dom(E) and T{u,u) < 1 Qo-a.e. 
on Qq. 

Before proving the theorem in full generality, let us first consider the following particular case. 

Lemma 7.10. Given n S N, let {hi, . . . , he a orthonormal system in i^([0, 1], Let) and let 
U be a 1-Lipschitz function on M". Then the function u[g) = U{{hi,g), . . . , {hn,g)) belongs to 
Z)oto(E) and T{u,u) < 1 Qo-a.e. onQo. 

Proof. Let us first assume that in addition U is C^. Then according to Theorem 17.81 u is in 
Dom(E) and nu{g) = J27=i diU {{h , g)) ■ hi. Thus 

n 

T{u,u){g) = \\nu{g)h2=Y,\9^U{{h,g))\^ < 1. 

i=l 

In the case of a general 1-Lipschitz continuous U on M" we choose an approximating sequence 
of 1-Lipschitz functions Uk, /c G N, in C^(M") with Uk ^ U uniformly on and put Uk{g) = 
Uk{{{h,g)) for g £ Qq. Then ^ u pointwise and in L^(Go,Qo)- Hence, u G Dom(E) and 
V{u,u) < 1 Qo-a.e. on Qq. □ 



Proof of Theorem \7.9\ Every 1-Lipschitz function u on Qq can be extended to a 1-Lipschitz 
function u on L^([0, 1], Leb) ('Kirszbraun extension'). Hence, without restriction, assume that 
is a 1-Lipschitz function on L^([0, l],Leb). Choose a complete orthonormal system {/ijjjgN of 
the separable Hilbert space -Z>^([0, l],Leb) and define for each n G N the function Un '■ K 
by 



n 



Un{xi, . . . ,Xn) = U Xihi 



v« = l 
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for X = {xi, . . . , Xn) G K"- This function Un is 1-Lipschitz on M": 



\Un{x)-Un{y)\ < 



'^Xihi - yjhj 



<\x - y\. 



i=l i=l 12 

Hence, according to the previous Lemma the function 

Un{g) = Un{{hi,g), {hn,g)) 

belongs belongs to Dom{K) and r(ii„,n„) < 1 Qg-a.e. on Qq. 
Note that 



lia) = u ^{hi,g)hi 



Ki=l 



for each g G L^([0, 1], Leb). Therefore, — > u on L^([0, 1], Leb) since Y^'i=i{hi,g)hi —>■ g 
on L^([0, 1], Leb) and since u is continuous on L^([0, 1], Leb). Thus, finally, u G Dom{¥.) and 
T{u,u) < 1 Qo-a.e. on Qq. □ 

Our next goal is the converse to the previous Theorem. 

Theorem 7.11. Every continuous function u G Dom(E) with T{u,u) < 1 Qo-a.e. on Go is 

1-Lipschitz on Qq. 

Lemma 7.12. For each u G ^"'^(^o) U 3^(^o) and all go,gi G Go 



u{gi)-u{go)= / {Bu{{l-t)go + tgi) ,gi- go)L2dt. 



(7.9) 



Proof. Put gt = {1 — t)go +tgi and consider the function : [0, 1] ^ M defined by r]t = u(gt) 
Then 

Vt = ^9i-gou{gt) = {Bu{gt),gi - go) 

and thus 

Vi-Vo= / mdt = / {Ou{gt),gi - go)dt. 



□ 

Lemma 7.13. Let go,gi G Go^C^ and put gt = (1 — t)go + ^5i- Then for each u G Dom(E) and 
each bounded measurable : Go ^ ^ 



Go 



u{gioh)-uigooh)]^{h)dqo{h) = / {Duigt o h, {gi - go) o h)^{h)qoih)dt. (7.10) 



JGo 



Proof. Given go,gi, ^ and u G Dom(K) as above, choose an approximating sequence in 3^(^o)U 
^^{Go) with u„ ^ n in Dom{K) as n — > oo. According to the previous Lemma for each n 

f [un{9ioh)-un{gooh)]^{h)dqo{h) = [ I {Bun{gtoh),{gi-go)oh)^{h)dQo{h)dt. (7.11) 
Jgo Jo Jqo 

By assumption u„ — > ti in -^^^(^O)Qo) and Bun Dn in L'^{Go x [0,1], Qo Leb) as n — > oo. 
Using the quasi-invariance of Qo (Theorem 14. 3p this implies 



Hgt o h) - un{gt o h)\^{h) dQoih) = / Hh) - Un{h)\^{gr^ o h) ■ y'^.i(/i) dQo{h) ^ 
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as n ^ cxD as well as 

\\Bu{gt o h) - nunigt o h)\l,^{h) Qoih) 

Go 

= [ \\Bu{h)-Oun{h)\l2^{gi^oh)-Y''_,{h)Qo{h)^0 
Jgo ^* 

Hence, we may pass to the limit n ^ oo in (jT.lip which yields the claim. □ 



Proof of Theorem 7.11\ Let a continuous u € Dom{K) be given with T{u,u) < 1 Qo-£i-e- on Qq. 
We want to prove that u{gi) — u{go) < \\gi — ^oIIlz for all go,gi G Go- By density of Qq n in 
Go and by continuity of u it suffices to prove the claim for go,gi S GqCiC^- 
Choose a sequence of bounded measurable ^'^ : ~^ such that the probability measures 
^kdQo on Go converge weakly to 5e, the Dirac mass in the identity map e £ Go- Then according 
to the previous Lemma and the assumption ||Bn|| < 1 

u{gi oh)- u{go o h)]^k{{h)dQQ{h) 

Go 

[ (Bu{gt o h, {gi - go) o h)^k{h) dQo{h)dt 
J Go 

< [ [ \\Ouigtoh)\\L2-\\{gi-go)oh\\L2-^kih)dqo{h)dt 
Jo Jgo 



< / Ugi- go)oh\\L2-^k{h)dqoih)- 
JGo 

Now the integrands on both sides, h ^ u{gi o h) — u{go o h) as well as h^ \\{gi — go) oh\\]^2, are 
continuous va. h £ Go- Hence, as /c ^ oo by weak convergence ^'fcdQo ~^ we obtain 

^^(51) - u{go) < \\gi - go\\L2- 

□ 

Corollary 7.14. The intrinsic metric for the Dirichlet form (E, Z)om(E)) is the Lp' -metric: 

1 1 91 - Soil L2 = sup {14(51) - 11(50) : u£C{Go)^Dom{K), r(-u, u) < 1 Qo-«-e. on Go} 
for all 50,51 ^Go- 

7.4 Finite Dimensional Noise Approximations 

The goal of this section is to present representations - and finite dimensional approximations - 
of the Dirichlet form 



E(m,z;)= / {J3u{g),m{g))L2dQo[g) 
J Go 

in terms of globally defined vector fields. 

If ((/9j)jgN is a complete orthonormal system in Tg = L^([0, 1], 5*Leb) for a given g £ Go then 
obviously 

00 

{Bu{g),Bv{g))L2 = ^ D^Mg)D^M9)- (7.12) 

i=l 

Unfortunately, however, there exists no family ((/7j)jgN which is simultaneously orthonormal in 
all Tg = L^([0, l],5*Leb), g £ Go- For a general family, the representation (j7.12p should be 
replaced by 

00 

{■Du{g),Bv{g))L2 = D^Md) ■ a^j{g) - D^^v{g) (7.13) 
«j=i 
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where a{g) = {aij{g))ij^^ is the 'generahzed inverse' to ^{g) = {^ij{g))ij^f^ with 

^ijia) ■= {Vi,Vj)Tg = f ipi{gt)vj{9t)dt. 
Jo 

In order to make these concepts rigorous, we have to introduce some notations. 

For fixed n G N let S^{n) C M"^" denote the set of symmetric nonnegative definite real (n x n)- 
matrices. For each A G <S'+(n) a unique element G S+{n), called generalized inverse to A, 
is defined by 

A-^x:=l ° ifxGKer(^), 

\ y if a; G Ran(yl) with x = Ay 

This definition makes sense since (by the symmetry of A) we have an orthogonal decomposition 
M" = Ker(yl) Ran(^). Obviously, 

A-^ ■A = A-A-^ = TTA 
where tta denotes the projection onto Ran(A). 

Moreover, for each A G S+{n) there exists a unique element A^/^ G S-^.{n), called nonnegative 
square root of A, satisfying 

^1/2 . ^1/2 ^ ^_ 

Let ^'("^ denote the map A t-^ A~^, regarded as a map from S+{n) C M"^" to M'^^'^, with 
■^^f{A) = {A-%j for i,j = l,...,n. Similarly, put 

: S+{n) ^ S+{n), A ^ (yl^S)-! = (^-i)V2_ 

Note that = • for all A G S'+(n). 

The maps l-^") and are smooth on the subset of positive definite matrices A G S+{n) but 
unfortunately not on the whole set S-^-{n). However, they can be approximated from below 
(in the sense of quadratic forms) by smooth maps: there exists a sequence of C°° maps H^*^'^) : 

e-s("''=)(A)-c<e-s("'')(A)-e 

for all Ae S+{n),^ eW and all k,leN with A; < / and 

Bi;'\A)^Ei^\A) = {jry%, 

for all A G S+{n), i, j e {I, . . . ,n} as I ^ oo. Put *("'0(^) = s("'')(A) • S('*'')(A) for A G R"^". 
Then the sequence (^'*^"''));gN approximates ^'^^^ from below in the sense of quadratic forms. 

Now let us choose a family {ipi}i£fi of smooth functions (pi : [0, 1] — M which is total in C°([0, 1]) 
w.r.t. uniform convergence (i.e. its linear hull is dense). Put 

^ijia) ■= {'Pi,fj)Tg = I 'Pi{9x)'Pj{gx)dx 

Jo 

and 

a^'Hg) = (Ha)) , ^''^ig) = ^^'\H9)). 

Note that the maps g i— a\^'^\g) and g i— a\^'^\g) (for each choice of n,l,i,j) belong to the 
class 3°°{Qo)- Moreover, put 
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Then obviously the orthogonal projection 7r„ onto the linear span of {(pi, . . . ,(fn} G Tg = 
L2([0, l],5*Leb) is given by 

and 

n 

{Tr„U,TTnV)Tg = ^ {u,(pi)Tg ' 4f (9) ' {v,Vj)Tg 

for all u,v G Tg. 

Theorem 7.15. (i) For each G N the form {E('''^\ y (Qo)) with 

1,3=1 -^So 

is closable. Its closure is a Dirichlet form with generator being the Friedrichs extension of the 
symmetric operator (IL^"'''^ 3^(^o)) given by 



(ii) As I ^ oo 

where 



L(n,0 = Y: a&'^) • D,,D,^ + Y: + 4'"^ ■ D,^ . (7.14) 



n „ 

for u,v G 3^(^o)- Hence, in particular, E^") is a Dirichlet form. 
(iii) As n ^ oo 

(which provides an alternative proof for the closability of the form (E,'5^{Qo))). 

Proof, (i) The function a-"''^ on Qq is a cylinder function in the class 3^ (Go)- The integration 
by parts formula for the D^p^, therefore, implies that for all u,v G 3^(^o) 

E("'')(u,^;) = E/ D<fA9)D^A9)4''\9)dQo{g) 

= E / <9) ■ {4''^D^,v) (g) dQoig) = - j u{g) ■ 1.^-^9) dQoig). 



with 



n 



Hence, (E^"'^), 3^(^o)) is closable and the generator of its closure is the Friedrichs extension of 
(ii) The monotone convergence 

Ein,i) y of the quadratic forms is an immediate consequence 
of the fact that a^'^'^^g) / a^'^Xg) (in the sense of symmetric matrices) for each g E Qo which in 
turn follows from the defining properties of the approximations of the generalized inverse 
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The limit of an increasing sequence of Dirichlet forms is itself again a Dirichlet form provided it 
is densely defined which in our case is guaranteed since it is finite on 3^(^o)- 
(iii) Obviously, the E^jn G N constitute an increasing sequence of Dirichlet forms with E" < E 
for all n. Moreover, 3^(^o) is a core for all the forms under consideration. Hence, it suffices to 
prove that for each u E 3^(^o) and each e > there exists an n G N such that 



E(")(u,n) -E(ti,ti) 



< e. 



To simplify notation, assume that u is of the form u{g) = U{J a{gt)dt) for some U £ Cl 
and some a G C^([0, 1]). By assumption, the set {ipi,i G N} is total in C'^([0, 1]) w.r.t. uniform 
convergence. Hence, for each 5 > there exist n G N and if G span(93i, . . . , (fn) with ||a'— (^||sup < 
6 which implies 

^ ' " >Mh-6>\\a'\\T,-25. 



Thus 



E(u,^/) >E(")(n,n) > / U' {Ja{gt)dtf ■ {a' , ■ -^dQoig) 



v2 



> / U'Uaigt)dtf-{\\a'\\T,-25ydqo{g) 
J Go 



> -l_E(^,^)-45||C/'||Lp. 

Hence, for 6 sufficiently small, K(u,u) and E,^"\u,u) are arbitrarily close to each other. □ 

Remark 7.16. For any given gQ G Go, let {gt)t>o with gt : {x,uj) i— > gfiuj) be the solution to the 
SDE 

n 

1 " 

+2 E • ^M) ■ (v>m + v^%t)) dt 



2 . . , 

«J=1 k,m=l 

where d^m'^ij'^^ for {k,m) G {1, . . . ,n}'^ denotes the 1st order partial derivative of the function 
^(j-.O . j^nxTi _^ ^ with respect to the coordinate a^fcm- Then the generator of the process coincides 
on 3^(^o) with the operator iL^'"'') from ^7.14\ ), the generator of the Dirichlet form E^*^''). 
Let us briefly comment on the various terms in the SDE from above: 

• The first one, Y17j=i ^ij''^\9t) ' ^jidt) dWl is the diffusion term, written in Ito form; 

• the second one, ^ l^"j=i o\j'''\gt) • ^Pj{gf) ■ iPi{gf )dt is a drift which comes from the trans- 
formation between Stratonovich and Ito form (it would disappear if we wrote the diffusion 
term in Stratonovich form). 
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• The next one, | Yll j=i ^ij' idt) ' fjidt) ' ^'Pi{St)dt is a drift which arises from our change 
of variable formula. Actually, since 

it consists of two parts, one originates in the logarithmic derivative of the entropy of the 
g's (which finally will force the process to evolve as a stochastic perturbation of the heat 
equation), the other one is created by the jumps of the g's. 

• The last term, | Efc,m=i ^fcm^l"''^(^'(5't)) • {(^kV^m)' , ^i)Tg ■ V>ji9t)dt involves the 
derivative of the diffusion matrix. It arises from the fact that the generator is originally 
given in divergence form. 



2 g{a+)-g{a-) 



7.5 The Wasserstein Diffusion (/i^) on Vq 

The objects considered previously - derivative, Dirichlet form and Markov process on Qo - have 
canonical counterparts on Vq. The key to these objects is the bijective map x ■ Go Vq, 
g I— > g*Leb. 

We denote by 3'^('Po) the set of all ('cylinder') functions u :Vo — 



u{fi) = U 

with some m e N, some U G C''{W^) and some cf = (ai, . . . , Om) G ^^([0, 1], 
of n e 3^('Po) with a^(0) = ^^(l) = for all z = 1, . . . , m will be denoted 
u G 3^('Po) represented as above we define its gradient Du{ii) £ -^^^([0, 1],^) by 

m 

Du{ij) = diU [J adu) ■ a[{.) 

with norm 



which can be written as 

(7.15) 



.™) . The subset 
3g(Po). For 



1=1 



I^'"(m)IIl2{^) 



diU (J ad/i) • a[ 



i=l 



dfj. 



1/2 



The tangent space at a given point fi G Vq can be identified with L^([0, 1],/^). The action of a 
tangent vector ip G ^^([0, 1],/^) on fj, ('exponential map') is given by the push forward ip^^fi. 



Theorem 7.17. (i) The image of the Dirichlet form defined in |7.^ under the map x is the 
regular, strongly local, recurrent Wasserstein Dirichlet form E on L'^{Vo,^o) defined on its core 

by 

E{u,v)= f {Du{f,),Dv{fi))l,^^^dFoiti). (7.16) 
JVo 

The Dirichlet form has a square field operator, defined on Dom(K) n L°°, and given on '5^{Vo) 
by 

r{u,v){n) = {Du{fi),Dv{fj,))l2(^^y 

The intrinsic metric for the Dirichlet form is the -Wasserstein distance dw ■ More precisely, 
a continuous function u : Vq ^ 'M. is 1-Lipschitz w.r.t. the L'^ -Wasserstein distance if and only 
if it belongs to Dom{E) and T{u,u){fi) < 1 for Po-a.e. fx GVq. 
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(ii) The generator of the Dirichlet form is the Friedrichs extension of the symmetric operator 
(L, 3o(^o) on L^{Vo,Fo) given as L = Li + L2 + /?• L3 with 



Liu(/u) 



m „i 

y ^ didjU{f adfi) ■ / a'^a'jdfi; 



m 



i=i \/Ggaps(/i) 



<(0) + <(l) 



L3'U(/X) 



m ^1 

y ^ djU (J adij) ■ / a'-dfi. 



Recall that gaps(/u) denotes the set of intervals I =]/_,/-|-[c [0,1] of maximal length with 

= and \I\ denotes the length of such an interval. 
(iii) For Pg-a-e. /^o G Vq, the associated Markov process {fJ^t)t>o on Vq starting in /xq, called 
Wasserstein diffusion, with generator is given as 

^it{uj) = gt{uj)^Leb 

where {gt)t>o is the Markov process on Qq associated with the Dirichlet form of Theorem 7.5, 

starting in go := x'^if-o)- 

For each u E 3o(^o) the process 

1 /■* 

u{i2t) - u{no) - - hu{^s)ds 
^ Jo 

is a martingale whenever the distribution of is chosen to he absolutely continuous w.r.t. the 
entropic measure Pq. Its quadratic variation process is 

t 

T{u,u){ps)ds. 







Remark 7.18. Li is the second order part ('diffusion part') of the generator L, L2 and L3 
are first order operators ('drift parts'). The operator Li describes the diffusion on Vq in all 
directions of the respective tangent spaces. This means that the process (fit) at each time t > 
experiences the full 'tangential' -L^([0, 1], /ii)-noise. 

L3 is the generator of the deterministic semigroup ('Neumann heat flow') (i?t)t>o on L'^(Vo,Fo) 
given by 

Htu{n) = u{htfM). 

Here ht is the heat kernel on [0, 1] with reflecting ('Neumann') boundary conditions and htfj,{.) = 
Jo ht{.,y)^J,{dy). Indeed, for each u G 3o('Po) given as u{g) = U{f adfi) we obtain Htu{n) = 
U (^J J a{x)ht{x,y)fi{dy)dx^ and thus 

m 

dtHtuin) = '^diUihtfi) -dtfj ai{x)ht{x,y)iJi{dy)dx 
1=1 

m 

= ^diUihtu) ■ J J ai{x)h'l{x,y)ii{dy)dx 
1=1 

m 

= ^ diU{htij) ■ J J a'-{x)ht{x, y)ii{dy)dx = h-sHtuifi). 
i=l 

Note that L depends on /3 only via the drift term L3 and ^ L3 as /3 — > 00. 
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The following statement, which in the finite dimensional case is known as Varadhan's formula, 
exhibits another close relationship between (fit) and the geometry of ('P([0, l]),dvi/)- The Gaus- 
sian short time asymptotics of the process {pt)t>o are governed by the L^-Wasserstein distance. 

Corollary 7.19. For measurable sets A,B E Vq with positive Vo-measure, let dwiA,B) = 
'mi{d'[v{i',D)\L' £ A,v £ B} andpt{A,B) = J^J^pt{i',dL')Vo{di') where pt{v,dv) denotes the 
transition semigroup for the process {fJ.t)t>o- 
Then 

limtlogp,(AS) = -^^^^4^- ^^-^^^ 

Proof. This type of result is known as Varadhan's formula. Its respective form for (E, Dom{K) on 
L2(Po, IPo) holds true by the very general results of [HR03j for conservative symmetric diffusions, 
and the identification of the intrinsic metric as dvK in our previous Theorem. □ 

Due to the sample path continuity of (fit) the Wasserstein diffusion is equivalently characterized 
by the following martingale problem. Here we use the notation {a, fit) = Jq a{x)nt{dx). 

Corollary 7.20. For each a G €"^{[0, 1]) with a'{0) = a'(l) = the process 



Mt = {a, fit)- - I {a",fis)ds 




a"{I_)+a"{I+) a'{I+)-a'{I. 



a"(0) + a"(l) 



ds 



is a continuous martingale with quadratic variation process 

[M]t = f{W)\fis)ds. 



Remark 7.21. For illustration one may compare corollary 17.201 for {fit) in the case /? = 1 to 
the respective martingale problems for four other well-known measure valued process, say on 
the real line, namely the so-called super-Brownian motion or Dawson- Watanabe process (^^^), 
the Fleming- Viot process {fx^^), both of which we can consider with the Laplacian as drift, the 
Dobrushin-Doob process {fiP^) which is the empirical measure of independent Brownian motions 
with locally finite Poissonian starting distribution, cf. [AKR98j . and finally simply the empirical 
measure process of a single Brownian motion (/U^^^ = Sxt)- For each i G {DW, FV, DD, BM} 
and sufficiently regular a : M — > M the process Ml := {a,fM\) — ^ jQ{a" , fi\)ds is a continuous 
martingale with quadratic variation process 

t 

2 ,,DW\ 



Jo 

[M^y]t = f[{a\fi^J)-{{a,f,r)f]ds, 
Jo 

[M^t = A(«')^/^?^)'i«, 

Jo 







In view of corollary 17.191 the apparent similarity of fi^^ and fi^^ to the Wasserstein diffusion 
fi is no suprise. However, the effective state spaces of fJ.^^, fi^^ and fj,t are as much different 
as their invariant measures. 
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